共形場理論の定式化について(群の表現論と等質空間上の解析学) by 黒木, 玄
Title共形場理論の定式化について(群の表現論と等質空間上の解析学)
Author(s)黒木, 玄




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
1995 11 2 ( )
1.
. [BPZ] model $\mathrm{W}\mathrm{e}\mathrm{s}\mathrm{s}-\mathrm{z}_{\mathrm{u}\min}\mathrm{o}$-Witten model .
, ,
compact Riemann ( , principal G-bunlde
quasi parabolic structure) family
, family base space (twisted $D$-module)
.
11(BPZ model). [BPZ] . BPZ modle
conformal block , , compact Riemann $N$
(X; $Q_{1},$ $\ldots,$ $Q_{N}$ ) family .
Virasoro . Virasoro Vir Lie –
,
Vir $= \mathbb{C}((z))\frac{d}{dz}\oplus \mathbb{C}C$
, Lie , $C\in \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}$ of Vir
$[f(z) \frac{d}{dz},$ $g(Z) \frac{d}{dz}]=(f(z)gJ(_{Z})-g(z)f’(_{Z)})\frac{d}{dz}+\frac{C}{12}{\rm Res}(f\prime\prime\prime(z)g(_{Z)Z}d)$
. , $\mathbb{C}((z))$ $\mathbb{C}$ Laurent , ${\rm Res}(a(Z)dZ)$
$a(z)d_{Z}$ $z=0$ . Vir $C$ ,
central charge . $N$ $N$ Virasoro
, $N$ Riemann .
[$\mathrm{B}\mathrm{S}|$ Section 4 [BFM] Section 8 .
1.2 (WZW model). $G$ $SL_{n}$ Lie . $G$
$\mathrm{W}\mathrm{e}\mathrm{s}\mathrm{S}^{-}\mathrm{z}\mathrm{u}\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{o}$-Witten model $N$ Riemann
principal G-bundle ($X;Q1,$ $\ldots,$ $Q_{N;^{\mathrm{p})}}$ family
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. affine Lie . $G$ Lie $\mathfrak{g}=\mathrm{L}\mathrm{i}\mathrm{e}G$
affine Lie $\hat{\mathrm{g}}$ ,
$\hat{\mathfrak{g}}=\mathrm{g}\otimes \mathbb{C}((Z))\oplus \mathbb{C}K$
, Lie , $K\in \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}$ of $\hat{\mathfrak{g}}$
$[X\otimes f(z), Y\otimes g(z)]=[X, Y]\otimes f(z)g(z)+K(X|Y){\rm Res}(f’(z)g(Z)d_{Z)}$
. , $(.|.)$ $\mathrm{g}$ invariant symmetric bilinear form $2h^{\vee}$
$\mathfrak{g}$ Killing . ( $h^{\vee}$ $g$ dual Coxeter number .
, $G=SL_{n}$ $h^{\vee}=n$ ) normalization , $\hat{\mathrm{g}}$
$K$ , level . Riemann
$N$ $N$ affine Lie , principal $G$-bundle
. Principal $G$-bundle $N$ Riemann
, affine Lie $\langle$ Virasoro .
principal $G$-bundle , vector bundle (
$G=GL_{n}$ ) [BS] .
1.3. [TUY] , 12 , principal $G$-bundle trivial bundle
. [TUY] [T] [U]
.
14($\mathrm{K}\mathrm{Z}$ ). 13 , Riemann $\mathrm{P}^{1}(\mathbb{C})$ , principal G-
bundle trivial bundle . $\mathrm{P}^{1}(\mathbb{C})$ $N$ $(Q_{1}, \ldots, Q_{N})$ family
. $k$ , $N$ affine Lie level $k$ integrable
highest weight , Virasoro
. family base space ,
Knizhnik-Zamolodchikov $(\mathrm{K}\mathrm{Z})$ $+\alpha$ . ( $\alpha$ integrable
) $\mathrm{K}\mathrm{Z}$ $(+\alpha)$
[KZ], [GW], [TK] .
1.5 (affine Lie character). 12 , Riemann
, $N=1$ , affine Lie character
. , principal $G$-bundle affine Lie
.
$X_{\tau}=\mathbb{C}/(\mathbb{Z}+\tau \mathbb{Z})$ $({\rm Im} \mathcal{T}>0)$
, $Q_{1}$ $0\in \mathbb{C}$ $X_{\tau}$ . Lie $\mathfrak{g}$ Cartan




$-\mathrm{c}\backslash \backslash ,$ $\sim$ :
$(z, g)\sim(z+1, g)\sim(Z+\mathcal{T}, ege2\pi ih-2\pi ih)$ .
, $P_{\tau,h}$ $X_{\tau}$ projection , $P_{\tau,h}$ $X_{\tau}$ (flat) principal
G-bundle . $X_{\tau}$ principal G-bundle $P_{\tau,h}$ family . ( base
space ( ) $\cross \mathfrak{h}$ ) $\mathfrak{h}$ $\mathrm{g}$ Borel $\mathrm{b}$ – .
$k\in \mathbb{C}$ $\lambda\in \mathfrak{h}^{*}$ , $\hat{\mathfrak{g}}$ $\mathrm{b}\otimes 1\oplus \mathrm{g}\otimes z\mathbb{C}[[z]]\oplus \mathbb{C}K$ 1
$v$ – :
$Kv=kv$ , $(h\otimes 1)v=\lambda(h)v$ $(h\in \mathfrak{h})$ .
1 $\hat{\mathfrak{g}}$ , $k\neq-h^{\vee}$ , – irreducible quotient
. $L(k, \lambda)$ . , $k$ , $\lambda\in \mathfrak{h}^{*}$ $\mathrm{g}$
dominant integral weight $\mathfrak{g}$ highest root $\theta$ $(\theta|\lambda)\leq k$ .
, $L(k, \lambda)$ $\hat{\mathrm{g}}$ integrable highest weight . $\hat{\mathrm{g}}$ integrable highest
weight – . $X_{\tau}$ –
$Q_{1}$ $L(k, 0)$ , family base space
, level $k$ integrable highest weight .
( [EO] [B] )
pincipal $G$-bundle , trivial bundle
, $L(k, 0)$ , affine
Lie evel $k$ integrable character $([\mathrm{T}\mathrm{U}\mathrm{Y}])$ .
$L(k, 0)$ highest weight vector 1 , affine Lie
character $h=0$ .
, $h=0$ , character . ,
$h$ principal $G$-bundle , affine Lie character
. , affine Lie character
bundle .
16( ). 15 , level $k=-h^{\vee}$
. ( , level critical ) $\mathrm{g}$ highest weight $\lambda$
$\hat{\mathrm{g}}$
$1\mathrm{e}\mathrm{v}\mathrm{e}1-h^{\vee}$ $N(\lambda)$ . $N(\lambda)$
irreducible quotient , level critical , – . level
critical , Virasoro ,
Virasoro . $N(\lambda)$
intertwining operator . , $N(\lambda)$ irreducible quotinet
– . $N(\lambda)$ irreducible quotient – $L$ ,
– $Q_{1}$ , $\hat{\mathrm{g}}$ $L$ .
$\{\tau\}\cross \mathfrak{h}\simeq \mathfrak{h}$ , root
. ( $\mathfrak{h}$ root ) $\hat{\mathrm{g}}$ universal enveloping algebra $K+h^{\vee}$
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center
( [Ha], [Frl]), $\mathfrak{h}$ .
$N(\lambda)$ irreducible quotinet $L$ ,
.
, Jack polynomial . ,
critical level $\mathrm{P}^{1}(\mathbb{C})$ $N$ , Gaudin model
. Beilinson Drinfeld Riemann Langlands program
, affine Lie critcal level
. ([Fr2] )
17( $\mathrm{r}$ ). Belavin-Drinfeld [BelD] $r$ 12
. $G=PSL_{n}(\mathbb{C})$ , Lie $\mathfrak{g}$
$\mathrm{s}\mathrm{l}_{n}(\mathbb{C})=\{X\in M_{n}(\mathbb{C})|\mathrm{t}\mathrm{r}X=0\}$
– . $a,$ $b$ :
$a=$ , $b=$ .
, $\zeta$ 1 $n$ . $a,$ $b$ $G=PSL_{n}(\mathbb{C})$ $\overline{a},$ $\overline{b}$
. $ba=ab\zeta$ , $G$ $\overline{a}$ $\overline{b}$ . $X_{\tau}$
1.5 , $X_{\tau}$ principal $G$-bundle $P_{\tau}$ :
$P_{\tau}=(\mathbb{C}\mathrm{x}G)/\sim$ .
$^{-}\mathrm{C}\backslash \backslash ,$ $\sim$ :
$(z,\overline{g})\sim(_{Z+1,\overline{a}}\overline{g}\overline{a}-1)\sim(Z+\mathcal{T},\overline{b}\overline{g}\overline{b}^{-}1)$ .
, $P_{\tau}$ $X_{\tau}$ projection , $P_{\tau}$ $X_{\tau}$ principal G-
bundle . $P_{\tau}$ adjont bunlde $\mathfrak{g}_{\tau}$ :
$\dot{\mathrm{g}}_{\tau}=P_{\tau}\cross G\mathrm{g}=(\mathbb{C}\mathrm{x}\mathfrak{g})/\approx$ .
, $\approx$ :
$(z, X)\approx(z+1, aXa^{-})1\approx(z+\tau, bXb^{-}1)$ .
$\mathrm{g}_{\mathcal{T}}$ line bundle , $P$ $H^{p}(X_{\mathcal{T}}, \mathfrak{g}_{\tau})=0$
. $\mathrm{g}_{\tau}$ dual vector bundle $\mathrm{g}_{\mathcal{T}}^{*}$ , $X_{\tau}$
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canonical line bundle tensor $\mathrm{g}_{\tau}^{o}$ . , cohomology
vanishing ,
$H^{0}$ ( $X_{\tau}\cross X_{\tau},$ $\mathrm{g}_{\tau}$ $\mathrm{g}_{\mathcal{T}}^{o}(\triangle)$ ) $\simeq H^{0}(X, \mathrm{E}\mathrm{n}\mathrm{d}(9_{\mathcal{T}}))$
. , $\triangle$ diagonal , diagonal
residue . , $1\in H^{0}(x, \mathrm{E}\mathrm{n}\mathrm{d}(9_{\mathcal{T}}))$
Belavin-Drinfeld $r$ – . [C]
.
18( KZ ). 17 , , $N$
, $N$ family . $X_{\tau}$ principal
G-bundle , $P_{\tau}$ . , $N$
principal G-bundle family . $N$ ,
level $k$ highest weight $L(k, \lambda)$ . (
$\lambda$
$\mathrm{g}$ dominant integral weight , $k\neq-h^{\vee}$ )
, family base space , $r$
$\mathrm{K}\mathrm{Z}$ . , $\mathrm{P}^{1}(\mathbb{C})$ $\mathrm{K}\mathrm{Z}$ ( 14)
$r$ . $r$
, cohomology vanishing , $\mathrm{P}^{1}(\mathbb{C})$ $Q\in \mathrm{P}^{1}(\mathbb{C})$
$P$ , $H^{p}(\mathrm{P}^{1}(\mathbb{C}),\dot{\mathcal{O}}_{\mathrm{H}}\mathrm{D}1(\mathbb{C})(Q))=0$ . ( $Q$
$\infty$ ) , $\mathrm{P}^{1}(\mathbb{C})$ WZW model
, integrable conformal block
. , . trivial
bundle , conformal block integrable
.
, compact Riemann $\langle$ principal G-bundle
.
2. Twisted diffrential operator $(\mathrm{t}\mathrm{d}\mathrm{o})$
family base , D-module
$\langle$ , twisted $D$-module . , Beilinson-Bernstein
. compact Riemann quasi parabolic G-bundle
family , base space twisted differential operator
.
21. compact Riemann quasi parabolic G-bundle
subsection $X$ compact Riemann . (
complex projective non-singular curve ) $G$ Lie ,
$\mathcal{P}$ $X$ principal $\mathrm{G}$-bundle .
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$P$ gauge bundle $G_{\mathcal{P}}$ . , $G$ $G$ Ad
$\mathrm{A}\mathrm{d}(g)(x)=gxg^{-1}(g, x\in c)$ , $P$ , Ad, $\mathrm{G}$ $X$ fiber bundle
$G_{P}$ :
$G_{\mathcal{P}}=P\mathrm{x}^{\mathrm{A}\mathrm{d}}G$.
$G_{\mathcal{P}}$ fiber $G$ Lie . $G_{P}$ local section
sheaf $P$ gauge sheaf .
$G$ Borel $B$ , $B$ $G$ Borel
. , $gB\in G/B$ $gBg^{-1}\in \mathcal{B}$ .
, $G/B$ $B$ – . , $\mathcal{P}\mathrm{x}^{G}B=P\cross^{G}(G/B)=\mathcal{P}/B$
. , $x\in X$ $P$ fiber B-orbit $x$ $G_{\mathcal{P}}$
fiber Borel – .
$\{(q_{i}, p_{i})|i=1, \ldots, N\}$ $P$ quasi parabolic structure , $q_{1},$ $\ldots,$ $q_{N}$
$X$ $N$ , $q_{i}$ $P$ fiber B-orbit
. $X$ principal G-bundle quasi parabolic structure
$X$ quasi parabolic G-bundle .
22. compact Riemann quasi parabolic G-bundle family
subsection , compact Riemann parabolic G-bundle family
:
(X $\pi_{X,arrow \text{ }}$ $S;q_{1},$ $\ldots,$ $q_{N}$ ; $P^{\pi_{\mathcal{P}/X}}arrow x;\mathcal{F}_{1},$ $\ldots,\mathcal{F}_{N}$ ).
. , $\pi_{x/S}$ fiberwise Zariski topology
, . ( ,
,
) , $G$ complex semisimple algebraic group .
(1) $X,$ $S$ complex non-singular variety , $\pi_{x/S}$ $X$ $S$ flat proper smooth
morphism , $\pi_{x/S}$ fiber connected projective non-singular curve
.
(2) $q_{1},$ $\ldots,$ $q_{N}$ $\pi x/s$ sections $Sarrow X$ , $q_{i}(S)$ .
$Q_{i}=q_{i}(S)$ , $Q_{i}$ $X$ divisor .
(3) $\pi_{P/\mathrm{x}:}Parrow X$ $X$ principal G-bundle . (etale topology locally trivial
) $P$ gauge bundle $G_{P}=P\mathrm{x}^{\mathrm{A}\mathrm{d}}G$ . $G_{P}$ $X$
locally trivial group scheme .
(4) $\mathcal{F}_{i}$ $P$ $Q_{i}$ $P_{Q}.\cdot=\pi_{\mathcal{P}}^{-1}(/\mathrm{x}Q_{i})$ $B$-reduction .
, $Q_{i}$ principal B-bundle $P_{Q_{i}}$ subbundle , $B$ $\mathcal{F}_{i}$
$P$ $G$
. $\mathcal{F}_{i}$ $P$ $Q_{i}$ quasi parabolic structure .
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, $Q=Q_{1}\mathrm{u}\cdots \mathrm{u}Q_{N}$ . $Q$ $X$ divisor . $X$ structure
sheaf $\mathcal{O}_{X}$ $Q_{i}$ (resp. $Q$ ) completion $\hat{\mathcal{O}}x|Q$:(resp. $\hat{\mathcal{O}}_{X|Q}$ ) :
$\hat{\mathcal{O}}_{X|Q}:=\varliminf_{m}\mathcal{O}_{X}\backslash /\mathcal{O}_{\mathrm{x}}(-mQi)$ , $(\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{p}.\hat{\mathcal{O}}_{x}|Q=.\varliminf_{m}\mathcal{O}_{x}/\mathcal{O}_{X}(-mQ)=\oplus^{N}i=1\hat{\mathcal{O}}_{X|Q_{i)}}$ .
, $Q_{i}$ (resp. $Q$ ) $U_{i}$ (resp. $U$ )
$U_{i}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{C}\hat{\mathcal{O}}_{X|Qi}$ , (resp. $U=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}\hat{\mathcal{O}}_{x}|Q$ )
, $X$ morphism
$\iota_{U:}:U_{i}:arrow X$
, (resp. $\iota_{U}$ : $Uarrow X$) . ,
:
$X^{*}=X-Q$ , $U_{i}^{*}=U_{i}-Q_{i}$ , $U^{*}=U-Q=U_{1}^{*}\mathrm{u}\cdots \mathrm{u}U_{N}^{*}$ .
$\mathcal{F}=\mathcal{F}_{1}\mathrm{u}\cdots \mathrm{u}\mathcal{F}_{N}$ . $F$ $P$ $Q$ $\mathrm{p}_{Q}=\pi_{\mathcal{P}}^{-1}(/xQ)$ $B$-reduction
. , $F$ $Q$ principal B-bundle , $P$ $Q$ subbundle
, $\mathcal{F}$ $B$ $P$ $G$
. $\mathcal{F}$ $P$ $Q$ quasi parabolic structure . $P_{Q}$ $G$
$\mathcal{F}\cross G$ $P_{Q}$ , $\mathcal{F}\cross^{B}G$ $P_{Q}$
. , $\mathcal{F}\cross^{B}G$ $P_{Q}$ – . , $\mathcal{F}$ gauge bundle
$B_{\mathcal{F}}=\mathcal{F}\mathrm{x}^{\mathrm{A}\mathrm{d}}B$ $G_{P}$ $Q$ $G_{P,Q}$ locally trivial group subscheme
– . , $Q$ quasi parabolic structure $\mathcal{F}$ $G_{P,Q}$ locally
trivial group subscheme fiber $G_{P,Q}$ fiber Borel
– – . $\mathrm{b}=\mathrm{L}\mathrm{i}\mathrm{e}B$ , $\mathcal{F}$ adjoint bundle $\mathrm{b}_{\mathcal{F}}=F\cross^{\mathrm{A}\mathrm{d}}\mathfrak{h}$
. $\mathrm{b}_{\mathcal{F}}$ $Q$ Lie algebra bundle .
$.\mathrm{b}_{\mathcal{F}}.\cdot$
local section
$Q$ coherent sheaf .
$S,$ $X,$ $P$ . $q_{i},$ $\mathcal{F}_{i}$ Subsection 2.15 .
2.3. Lie algebroid $\mathrm{d}\mathrm{g}$ Lie algebroid
subsection [HS] .
$X$ differential graded Lie algebroid ( $\mathrm{d}\mathrm{g}$ Lie algebroid) . $A^{\cdot}$
$X$ $\mathrm{d}\mathrm{g}$ Lie algebroid , :
(1) $A^{\cdot}$ left $\mathcal{O}_{x}$ odule $\mathcal{O}x- \mathrm{h}_{0}\mathrm{m}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{s}\mathrm{m}$ cochain
complex . coboundary map $A^{p}arrow A^{p+1}$ $\delta$ .
(2) $A^{\cdot}$ $\mathbb{C}x$ $\mathrm{d}\mathrm{g}$ Lie algebra structure . , $\mathbb{C}x$ -linear map
$[, ]$ : $A^{\cdot}\otimes_{\mathbb{C}_{X}}A^{\cdot}arrow A^{\cdot}$ , $a\in A^{p},$ $b\in A^{q},$ $c\in A^{r}$ ,
(a) $[a, b]\in A^{p+q}$ ,
(b) $\delta([a, b])=[\delta(a), b]+(-1)^{p}[a, \delta(b)]$ ,
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(c) $[a, b]=-(-1)^{pq}[b, a]$ ,
(d) $[a, [b, c]]=[[a, b],$ $c]+(-1)^{pq}[b, [a, c]]$ .
(3) left $\mathcal{O}x$-homomorphism $\epsilon:A^{\cdot}arrow\tau_{x}$ , $a,$ $b\in A^{\cdot},$ $f\in \mathcal{O}x$ ,
$\epsilon([a, b])=[\epsilon(a), \epsilon(b)]$ , $[a, fb]=\epsilon(a)(f)b+f[a, b]$ .
, $0$ $0$ $\mathrm{d}\mathrm{g}$ Lie algebra – .
$A$ $X$ $\mathrm{d}\mathrm{g}$ Lie algebra , $P\neq 0$ $A^{p}=0$ , $A^{0}=A^{\cdot}$ $X$
Lie agebroid . $\tau_{x}$ $\epsilon=\mathrm{i}\mathrm{d}\mathcal{T}\mathrm{x}$ , Lie algebroid .
$A$ $\mathrm{d}\mathrm{g}$ Lie algebroid , $M^{\cdot}$ left $\mathcal{O}_{X}$-module cochain complex
. $M^{\cdot}$ left $A^{\cdot}$ -module :
(1) $\mathbb{C}_{X}$ -linear map $\cdot:A^{\cdot}\otimes_{\mathbb{C}_{X}}M^{\cdot}arrow M$ , $a\in A^{p},$ $b\in A^{q},$ $v\in M^{r}$
,
(a) $av\in M^{p+r}$ ,
(b) $\delta(av)=\delta(a)v+(-1)^{p}a\delta(v)$ ,
(c) $[a, b]v=a(bv)-(-1)^{pq}b(am)$ .
(2) $a\in A^{\cdot},$ $v\in M^{\cdot},$ $f\in \mathcal{O}x$ ,
$(fa)v=f(av)$ , $a(fv)=\epsilon(a)(f)v+f(av)$ .




, $X$ Virasoro affine Lie . subsection ,
, Atiyah algebroid .
, $X$ tangent sheaf $\mathcal{T}_{X}$ . $G$ Lie $\mathfrak{g}$ , $P$
adjoint bundle $9\mathcal{P}=P\cross^{\mathrm{A}\mathrm{d}}\mathrm{g}$ . $\mathrm{g}_{P}$ $X$ Lie algebra
bundle . $\mathfrak{g}_{\mathcal{P}}$ local section $X$ coherent sheaf $\mathfrak{g}_{P}$
. $\mathrm{g}_{P}$ $\mathcal{O}_{X}$ Lie algebra .
$X$ principal G-bundle $P$ , $P$ Atiyah algebroid $A_{P}$ , $X$ sheaf
, .
$A_{\mathcal{P}}=[\pi_{X/s_{*}(\tau)}p]G$
. , fiiber global $\mathcal{P}$ G-invariant vector
field $X$ sheaf $A_{P}$ . $A_{\mathcal{P}}$ left $\mathcal{O}x$ -module ,
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$\mathbb{C}_{X}$ Lie algebra . $A_{\mathcal{P}}$ $\tau_{\mathrm{x}}$ $\mathcal{O}- \mathrm{h}_{\mathrm{o}\mathrm{m}\mathrm{o}}\mathrm{m}\mathrm{o}\mathrm{r}_{\mathrm{P}}\mathrm{h}\mathrm{i}\mathrm{S}\mathrm{m}$ $\mathcal{E}\mathrm{p}$
. , $\epsilon_{P}$ : $A_{P}arrow$ Lie algebra homomorphism . $(A_{P}, \epsilon_{p})$ $\mathcal{P}$
Atiyah algebroid .
$6\mathrm{p}$ surjective . ( , Atiyah algebroid transitive ) , $6p$
kernel $\emptyset P$ – , short exact sequence :
$0arrow \mathrm{g}_{P}arrow A_{P}arrow\epsilon_{P}\mathcal{T}_{X}rightarrow 0$ .
short exact sequence [A] Atiyah exact sequence .
$X$ vector bundle $E$ , $E$ $m$
sheaf $D_{E}^{m}$ , $E$ sheaf $D_{E}$ . $D_{E}^{m}$
$D_{E}^{m}/D_{E}^{m-1}=\mathcal{E}nd_{\mathcal{O}_{X}}(E)\otimes_{\mathit{0}_{X}}S^{m}(\mathcal{T}X)$ projection $\mathrm{s}\mathrm{y}\mathrm{m}\mathrm{b}\mathrm{o}1_{m}$ . $A_{E}$
:
$A_{E}=\{a\in D_{E}^{1}|\mathrm{s}\mathrm{y}\mathrm{m}\mathrm{b}\mathrm{o}1_{1}(a)\in \mathrm{i}\mathrm{d}\otimes T_{X}\}$ .
$\mathrm{s}\mathrm{y}\mathrm{m}\mathrm{b}\mathrm{o}1_{1}$ $A_{E}$ $\mathcal{T}_{X}$ $\mathit{6}_{E}$ . $(A_{E}, \epsilon_{E})$ vector bundle
$E$ Atiya algebroid .
$A_{P}$ Lie algebra adjoint action $\emptyset P$ . ,
$A_{P}$ $A_{9\mathcal{P}}$ Lie algebra homomorphism . $G$ semisimple
) injective ) image
{ $a\in A_{\mathfrak{g}p}|a([b,$ $c])=[a(b),$ $c]+[b,$ $a(c)]$ for $b,$ $c\in \mathrm{g}_{P}$ }
– . , $A_{P}$ – .
:
$0$ $arrow$ $\mathfrak{g}_{P}$ $arrow$ $A_{P}$ $arrow T_{X}$ $arrow$ $0$
$\mathrm{a}\mathrm{d}\downarrow$ $\mathrm{a}\mathrm{d}\downarrow$ $||$
$0$ $rightarrow \mathcal{E}nd_{\mathcal{O}_{X}}(\mathfrak{g}_{P})$ $arrow A_{\mathfrak{g}_{\mathcal{P}}}$ $arrow \mathcal{T}_{X}$ $arrow 0$ .
, exact , .
2.5. relative Atiyah algebroid $\text{ }$ Atiyah $\pi$-algebroid
, , $\pi$ $\pi_{X/S}$ . $\pi$
$X$ $S$ relative tangent sheaf $\tau_{\mathrm{x}/S}$ . $\tau_{x/S}$ $A_{P},$ $A_{E}$
inverse image $A_{p/s},$ $A_{E}/S$ . relative Atiyah algebroid
.
$\mathcal{O}$-module pull-back $\pi^{*}\tau_{s=}\mathcal{O}\mathrm{x}\otimes_{\pi}-1O_{S}$ \mbox{\boldmath $\pi$}-1 Lie algebra structure
, sheaf pull-back $\pi^{-1}\mathcal{T}_{S}$ $\pi^{-1}\mathcal{O}s$ Lie algebra structure
. $\pi$ smooth , short exact sequence :
$0arrow \mathcal{T}_{X/S}arrow \mathcal{T}_{X}arrow\pi^{*\tau_{S}}d\piarrow 0$ .
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( [T] , $\pi$ smooth
. , curve factorization property
) , $S$ non-singular locally free, $\mathcal{O}_{S}- \mathrm{f}\mathrm{l}\mathrm{a}\mathrm{t}$
. , $\pi^{-1}\mathcal{T}_{S}$ \subset \mbox{\boldmath $\pi$}* . $\mathcal{T}_{X,\pi}=d\pi^{-1}(\pi^{-1}\tau_{s})$ ,
Lie subalgebra , Lie algebra homomorphism short exact
sequence
$0arrow\tau_{x/S}arrow \mathcal{T}_{X,\pi}arrow\pi^{-1}\mathcal{T}_{S}arrow 0$ .







$0arrow A1^{\prime s}rightarrow A1’\pi^{arrow\pi}- 1||\mathcal{T}_{s}arrow 0$





$X$ vector bundle $E$ , $E$ sheaf $D_{E}$
$A_{E/S}$ associative subalgebra with 1 $D_{E/S}$ . $D_{E//s}^{m}s^{=DD}E^{\cap}Em$
. $D_{E/s}$ fiiber $E$ .
subsection $D_{E/s}$ .
$X$ $S$ relative dualizing sheaf $\omega=\omega_{\mathrm{x}}/S$ . $X$ non-singular
$\pi$ smooth curve family , $\omega=\Omega_{X/S}^{1}$ . $E$ dual
vector bundle $E^{*}$ , $\omega$ tensor $E^{o}$ .
, $S$ fiiber product $X\mathrm{x}_{S}X$ $X\cross X$ , diagnal
$\triangle$ . $\triangle$ $X\cross X$ sheaf $X$ sheaf – .
$X\cross X$ $X$ projection $\text{ }.p_{1}$ , projection $p_{2}$
.
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$\triangle$ $X\cross X$ sheaf $\mathcal{K}_{E}^{m},$ $\mathcal{K}_{E}$ :
$\mathcal{K}_{E}^{m}=\varliminf_{n}\frac{E\otimes E^{o}((m+1)\triangle)}{E\otimes E^{o}((n+1)\triangle)}\backslash$
’ $\mathcal{K}_{E}=\bigcup_{m}\mathcal{K}_{E}^{m}$ .
$\phi\in \mathcal{K}_{E}^{m}$ , $\delta(\phi)\in D_{E/S}^{m}$ :
$\delta(\phi)f={\rm Res}_{\triangle}(\phi\cdot p_{2}f*)$ for $f\in E$ .
( $\phi\cdot p_{2}^{*}f\in\varliminf_{\backslash n}E$ $\omega((m+1)\triangle)/E\otimes\omega((n+1)\triangle)$ ) $\pi$ fiber
$z$
$(\delta(\phi)f)(Z)={\rm Res}_{z_{2}=z}(\phi(z, Z_{2})f(z2)dz_{2})$ for $f\in E$ .
. $\delta(\phi)$ $\phi$ . $m\geq 0$ ,
$\delta:\mathcal{K}_{E}^{m}arrow D_{E/S}^{m}$ surjective , kernel $\mathcal{K}_{E}^{-1}$ – .
:
$0rightarrow \mathcal{K}_{E}^{-1}arrow \mathcal{K}_{E}arrow\delta D_{E/S}arrow 0$
$||$ $\dagger$ $|$
$0arrow \mathcal{K}_{E}^{-1}arrow \mathcal{K}_{E}^{m}arrow\delta D_{E/S}^{m}arrow 0$.
exact .
2.7. $D_{E/s}$ $A_{E,\pi}$ $\mathcal{K}_{E}$ $\omega x/E$
$D_{E/s}$ $\mathcal{K}_{E}$ . $\delta:\mathcal{K}_{E}arrow D_{E/s}$ $D_{E/s}$-bimodule
homomorphism . $D_{E/s}$ Lie algebra $D_{E/S}^{\mathrm{L}\mathrm{i}\mathrm{e}}$ .
$D_{E/S}^{\mathrm{L}\mathrm{i}\mathrm{e}}$ $\mathcal{K}_{E}$ Lie :
Lie$(a)(\phi)=a\cdot\phi-\phi\cdot a$ .
$\delta:\mathcal{K}_{E}arrow D_{E/S}$ $D_{E/^{\mathrm{e}_{S}}}^{\mathrm{L}\mathrm{i}}$-homomorphism .
, $A_{E,\pi}$ $\mathcal{K}_{E}$ . Lie
. (2 Lie $A_{E/s}=A_{E,\pi^{\cap D}E/s}$ ,
) $S$ local coordinate $s=(s_{1}, \ldots, s_{M})(M=\dim S)$ , $\pi$ fiber
coordinate $z$ – , $X$ local coordinate $(s;z)$ .
$I:\mathcal{O}_{X}^{r}arrow E\sim(r=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}E)$ ,
$M_{r}(\mathcal{O}_{x)arrow}\sim \mathcal{E}nd_{\mathrm{O}_{X}}(E)$ $I$ . local trivialization , $A_{E,\pi}$
$\mathcal{K}_{E}$ :
$a= \sum_{m=1}^{M}\mu_{m}(S)\frac{\partial}{\partial s_{m}}+\tau(S;z)\frac{\partial}{\partial z}+I(A(s;Z))\in A_{E,\pi}$ $(A(s;z)\in M_{r}(\mathcal{O}_{x))}$ ,
$\phi=\phi(s;z1, Z2)dz_{2}\in \mathcal{K}_{E}$
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,$–$ . . , . $\lceil_{-}M$ , $\mathrm{c}\partial$Lie $(a)( \phi)=\lfloor\sum_{m=1}\mu m(_{S}).\phi(_{S};Z1\overline{\partial sm},)z_{2}$
$+ \tau(s;z1)\frac{\partial}{\partial z_{1}}\phi(s;z_{1}, Z2)+\frac{\partial}{\partial z_{2}}(\phi(s;z_{12}, Z)_{\mathcal{T}(}s;z2))$
$+A(s;z_{1})\phi(_{S};Z1, Z2)-\phi(S;Z1, Z2)A(s;z2)\rceil dz_{2}$ .
$\delta:\mathcal{K}_{E}arrow D_{E/S}$ $AE,\pi- \mathrm{h}_{\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{r}}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{s}\mathrm{m}$ .
$\omega=\omega x/S=\Omega 1x/s$ $\mathcal{T}_{X,\pi}$ Lie :
$a= \sum_{m=1}^{M}\mu_{m}(_{S})\frac{\partial}{\partial s_{m}}+\tau(S;Z)\frac{\partial}{\partial z}\in\tau_{x,\pi}$ $\xi=\xi(_{S};z)dz\in\omega$
,
Lie $(a)( \xi)=[_{m=1}\sum^{M}\mu m(S)\frac{\partial}{\partial s_{m}}\xi(_{S};Z)+\frac{\partial}{\partial z}(_{\mathcal{T}(}s;z)\xi(s;Z))]dz$
$A_{E,\pi}$ $T_{X,\pi}$ $\omega$ Lie .
2.8. relative Atiyah algebroid $\sigma$) $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}\omega$ -extension
, $X$ vector bundle $E$ relative Atiyah algebroid $A_{E/s}$ $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}\omega-$
extension $\mathrm{t}\mathrm{r}A_{E/s}$ . $\mathcal{E}nd_{O_{X}}(E)$ $\mathcal{O}_{X}$ trace map tr ,
$\mathcal{K}_{E}^{-1}arrow \mathcal{K}_{E}^{-1}/\mathcal{K}_{E}-2=\mathcal{E}nd_{\mathrm{o}}(X)E\otimes 0_{x}\omegaarrow \mathrm{t}\mathrm{r}\otimes \mathrm{i}\mathrm{d}\mathcal{O}_{x\otimes_{\mathit{0}_{X}}\omega}=\omega$
tr . $\delta^{-1}(A_{E/s})\subseteq \mathcal{K}_{E}^{1}$ $\mathrm{t}\mathrm{r}:\mathcal{K}_{E}^{-1}arrow\omega$ kernel
quotient $\mathrm{t}\mathrm{r}A_{E/S}$ , $A_{E/S}$ $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}\omega$-extension $([\mathrm{B}\mathrm{S}])$ . ,
:
$0arrow \mathcal{K}_{E}^{-1}||rightarrow$ $\mathcal{K}_{E}^{1}\dagger$ $rightarrow\delta D_{E/S}^{1}|arrow 0$
$0arrow \mathcal{K}_{E}^{-1}arrow\delta^{-1}(A_{E/s})rightarrow A_{E/s}rightarrow 0$
$\mathrm{t}\mathrm{r}\downarrow$ $\downarrow$ $||$
$0$ $arrow$ $\omega$ $arrow\iota$ $\mathrm{t}\mathrm{r}A_{E/s}$ $arrow\delta A_{E/S}arrow 0$ .
exact . $\mathrm{t}\mathrm{r}A_{E/s}$ $A_{E/s}$ surjection $\delta$
. $\mathcal{K}_{E}^{1},$ $D_{E/S}^{1}$ $\mathcal{K}E,$ $DE/S$ $A_{E,\pi}$ -submodule , $\delta:\mathcal{K}_{E}^{1}arrow D_{E/S}^{1}$ $A_{E,\pi^{-}}$
homomorphism . , kernel $\mathcal{K}_{E}^{-1}$ $A_{E,\pi^{- \mathrm{S}}}\mathrm{u}\mathrm{b}\mathrm{m}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{e}$ . $\mathrm{t}\mathrm{r}:\mathcal{K}_{E}^{-1}arrow\omega$
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$A_{E,\pi}-\mathrm{h}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{r}_{\mathrm{P}}\mathrm{h}\mathrm{i}_{\mathrm{S}\mathrm{m}}$ . , $A_{E,\pi^{-}}$
homomorphism sequence .
, $A_{E/S}$ $\mathrm{t}\mathrm{r}D_{E/S}=\mathcal{K}_{E}/\mathrm{K}\mathrm{e}\mathrm{r}(\mathrm{t}\mathrm{r})$ $W_{1+\infty}$-algebra
. $\mathrm{t}\mathrm{r}A_{E/S}$ curve vector bundle determinant bundle
$\det R\pi_{*}E$ , $\mathrm{t}\mathrm{r}D_{E/S}$
.
, , $G$ simple . Lie $\mathrm{g}=\mathrm{L}\mathrm{i}\mathrm{e}G$
dual Coxeter number $h^{}$ . ( , $\mathrm{g}=\mathrm{s}\mathrm{l}_{n}$ $h^{}=n.$ ) $\mathfrak{g}$
Killing form $(2h^{\vee})^{-1}$ $(.|.)$ . $(.|.)$ induce $\mathrm{g}_{P}\mathrm{x}\mathrm{g}_{P}.arrow \mathcal{O}\mathrm{x}$
. , , ..
$\mathrm{t}\mathrm{r}_{9P}(\mathrm{a}\mathrm{d}(a)\mathrm{a}\mathrm{d}(b))=2h^{\vee}(a|b)$
. for $a,$ $b\in \mathfrak{g}_{P}$ .
, $E=\mathfrak{g}_{P}$ . $\mathrm{t}\mathrm{r}A_{9^{p/s}}$ $A_{\mathfrak{g}p/}s$ surjection
$\delta$ , $A_{\mathcal{P}/S}\subseteq A_{\mathfrak{g}p/s}$ inverse image $\mathrm{t}\mathrm{r}A_{\mathrm{p}}/S$ , $A_{P/S}$ $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}\omega- \mathrm{e}\mathrm{x}\mathrm{t}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{i}_{0}\mathrm{n}$
. $A_{\mathcal{P}/S}$ $A_{\mathfrak{g}p/s}$ $A_{P,\pi}$-submodule , exact sequence $A_{P,\pi^{-}}$
homomorphism :
$0arrow\omegaarrow\iota \mathrm{t}\mathrm{r}A_{P/S}arrow\delta A_{\mathcal{P}/S}arrow 0$.
$\mathrm{t}\mathrm{r}A_{p}/s$ affine Lie algebra .
level $k=-2h^{\mathrm{v}}$ . .
subsection , $E=\mathcal{O}_{X}$ . $\delta^{-1}(\mathcal{T}_{x}/S)\subseteq \mathcal{K}_{\mathcal{O}_{X}}^{1}$
Ker(tr) $\subseteq \mathcal{K}_{\overline{o}_{X}^{1}}$ quotient $\mathrm{t}\mathrm{r}\mathcal{T}_{x/S}$ , relative tangent sheaf $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}\omega-$
extension . exact sequence $\mathcal{T}_{X,\pi}- \mathrm{h}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{s}\mathrm{m}$
:
$0arrow\omegaarrow\iota \mathrm{t}\mathrm{r}\tau_{\mathrm{x}/S}arrow\delta \mathcal{T}_{X/S}arrow 0$ .
$\mathrm{t}\mathrm{r}\mathcal{T}x/S$ , Virasoro algebra .
central charge $c=2$ . \equiv \rightarrow \beta .
2.9. $\mathrm{d}\mathrm{g}$ Lie algebra $VA_{E}$
$X$ sheaf complex $A_{E}$ . $A_{E}^{-1}=A_{E}/s,$ $A^{0}EA=E,\pi$ , $p\neq-1,0$
$A_{E}^{p}=0$ . – non-trivial coboundary map $A_{E}^{-1}arrow A_{E}^{0}$ $A_{E/S}$ $A_{E,\pi}$
inclusion . , $A_{E}$ diffrential graded Lie algebra (
, $\mathrm{d}\mathrm{g}$ Lie algebra ) . , $a,$ $b\in A_{E}^{0},$ $\alpha,$ $\beta\in A_{E}^{-1}$ ,
bracket :
$[a, b]=$ ( $A_{E,\pi}$ $[a,$ $b]$ ), $[a, \beta]=$ ( $A_{E,\pi}$ $[a,$ $\beta]$ ), $[\alpha, \beta]=0$ .
, $A_{P}^{-1}=A_{P/s},$ $A_{\mathcal{P}}^{0}=A_{\mathcal{P},\pi}$ , $P\neq-1,0$ $A_{P}^{p}=0$
, $\mathrm{d}\mathrm{g}$ Lie algebra $\mathcal{A}_{P}$ . , $\mathcal{T}_{X}^{-1}=\mathcal{T}_{X/s,x^{0}}\mathcal{T}=\mathcal{T}_{X,\pi}$ , $P\neq-1,0$
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$\tau_{X}^{p}=0$ , $\mathrm{d}\mathrm{g}$ Lie algebra $\mathcal{T}_{X}$ . $A_{E},$ $\mathcal{A}_{\mathcal{P}}$ $\mathcal{T}_{X}$ complex
$\pi^{-1}\mathcal{T}_{S}$ quasi-isomorphic .
$\pi$ fiberwise Zariski topology
. $\pi$ relative differential $d$ : $\mathcal{O}_{X}arrow\omega=\Omega_{X/s}^{1}$ . Zariski
topology $d\mathcal{O}_{X}\neq\omega$ . $\omega\subseteq \mathrm{t}\mathrm{r}A_{E/s}$ ,
$VA_{E}-1\mathrm{t}\mathrm{r}A_{E/s}=/d\mathcal{O}_{X}$ , $VA_{E}0=AE,\pi$
, $P\neq-1,0$ , $VA_{E}^{p}=0$ $VA_{E}^{-1}$ $VA_{E}^{0}$ coboundary map
$\delta$ , sheaf
complex $VA_{E}$ . $a,$ $b\in^{V}A_{E}^{0},$ $\alpha,$ $\beta\in^{V}A^{-1}E$ ,
$[a, b]=$ ($A_{E,\pi}$ $[a,$ $b]$ ), $[a, \beta]=\mathrm{L}\mathrm{i}\mathrm{e}(a)(\beta)$ , $[\alpha, \beta]=0$
, $VA_{E}$ $\mathrm{d}\mathrm{g}$ Lie algebra .
, .
$0rightarrow\omega/d\mathcal{O}_{X}arrow VA_{E}^{-1}rightarrow\delta A_{E}^{-1}rightarrow 0$
$\delta\downarrow$ $\downarrow$
$VA_{E}^{0}--A_{E}^{0}$ .
exact . , exact sequence :
$0arrow(\omega/d\mathcal{O}_{X})[1]arrow VA_{E}^{\cdot}rightarrow A_{E}^{\cdot}rightarrow 0$ .
$VA_{E}arrow A_{E}$ $\mathrm{d}\mathrm{g}$ Lie algebra homomorphism , $VA_{E}$ $A_{E}$ $(\omega/d\mathcal{O}_{X})[1]$
extension .
, complex $0arrow A^{-1}arrow A^{0}\deltaarrow 0$ $\mathrm{d}\mathrm{g}$ Lie algebra structure $[$ ., $]$
, $A^{-1}$ Lie algebra structure $[$ ., $]_{V}$ :
$[\alpha, \beta]_{V}=[\delta(\alpha), \beta]=[\alpha, \delta(\beta)]$ .
bracket $V$-bracket . (V Virasoro algebra $V.$ )
2.10. $\mathrm{d}\mathrm{g}$ Lie algebra $VA_{E}$
$VA_{E}$ $\mathrm{d}\mathrm{g}$ Lie algebra structure $V$-bracket local trivialization
. Subsection 27 local coordinate
$(s;z)$ vector bundle $E$ local trivialization $I$ . $VA_{E}$ local
:
(1) surjection $t_{(_{S},z,I}^{-1}$ ) $:\mathcal{O}_{X}\oplus M_{r}(\mathcal{O}_{X})\oplus \mathcal{O}xarrow VA_{E}^{-1}=^{\mathrm{t}\mathrm{r}}A_{E/S}/d\mathcal{O}_{x}$
:
$t_{(s,z}^{-1},I)( \sigma, B, \xi)=I[\frac{\sigma(z_{1})}{(_{Z_{2^{-Z_{1}}}})^{2}}+\frac{B(z_{1})}{z_{2}-z_{1}}+\frac{1}{r}\xi(Z_{1})]dz_{2}$ $\mathrm{m}\mathrm{o}\mathrm{d} d\mathcal{O}_{X}$
116
(2) lsommorphismm $t_{()}^{0_{S,z,I}}$ : $\pi^{-1}\mathcal{O}_{S}^{M}\oplus \mathcal{O}_{X}\oplus M_{r}(\mathcal{O}_{x})arrow A^{0}\sim VE=A_{E,\pi}$
:
$t_{(,)}^{0_{S,z}}I( \mu, \tau, A)=\mu\cdot\frac{\partial}{\partial s}+\mathcal{T}(_{Z)}\frac{\partial}{\partial z}+I(A(z))$ .
, $\mu\cdot\frac{\partial}{\partial s}=\sum_{m1}^{M}=\mu_{m}(S)\frac{\partial}{\partial s_{m}}$ . , $s$
. ,
$(\sigma, B, \xi)=(\sigma, B, \xi)(S,z,I)=t_{(s}^{-1},,(ZI)\xi\sigma,$$B,) , $(\mu, \tau, A)=(\mu, \mathcal{T}, A)_{(Sz,I},)=t_{(s}^{0},(z,I)\mu,$ $\tau,$ $A)$
. ,
$(\sigma, B, \xi),$ $(\sigma_{i}, Bi, \xi i)\in^{V}A_{E}^{-1}$ , $(\mu, \tau, A),$ $(\mu i, \tau i, Ai)\in A_{E}^{0}$
,
$[(\mu, \tau, A), (\sigma, B, \xi)]=$ $\mu\cdot\frac{\partial B}{\partial s}+\tau B’-\sigma A’+[A, B]$ ,
$\mu\cdot\frac{\partial\xi}{\partial s}+(\tau\xi)^{;}+\frac{r}{6}\tau’’’\sigma+\mathrm{t}\mathrm{r}(\frac{1}{2}(\tau’’A-\sigma B’’)-\mathrm{A}\prime B))$ ,
$[(\mu_{1}, \tau_{1}, A1), (\mu 2, \mathcal{T}_{2}, A2)]=$
$\mu_{1}\cdot\frac{\partial A_{2}}{\partial s}-\mu 2^{\cdot}\frac{\partial A_{1}}{\partial s}+\tau 1A_{2^{-}}’\tau 2A_{1}’+[A1, A_{2}])$ .
, ’ $\frac{\partial}{\partial z}$ , $r=$ rank $E$ . (trl $=r$ ) ,
$\delta((\sigma, B, \xi))=(0, \sigma, B)$ , V-bracket :
$[(\sigma_{1}, B_{1}, \xi 1), (\sigma_{2}, B2, \xi 2)]_{V}=(\sigma_{1}\sigma_{2}-’\sigma 2\sigma_{1}’$ , $\sigma_{1}B_{2}’-\sigma 2B_{1}^{;}+[B1, B2]$ ,
$\frac{r}{6}\sigma_{1}’’’\sigma_{2}+\mathrm{t}\mathrm{r}(\frac{1}{2}(\sigma_{1}’’B2^{-\sigma B_{1}’’)B_{1}’B_{2}}2-))$ .
, $B_{i}=0$ Virasoro algebra relation . $\mathrm{t}\mathrm{r}(B_{i})=0$
affine Lie algebra Virasoro algebra relation . $VA_{E}$ local
trivialization gauge fiber local coordinate $z$
. $g\in GL_{r}(\mathcal{O}_{X})$ local coordinate $w$ ,
$(\mu, \tau, A)_{(g)}s,z,I=(\mu,$ $\tau,$ $-( \mu\cdot\frac{\partial g}{\partial s}+\tau g)’-1Ag+gg^{-1})(S,z,I)$ ’
$(\sigma, B, \xi)_{(_{S,z},)}I_{\mathit{9}}=(\sigma,$ $-\sigma g’g^{-1}+gBg-1,$ $\mathrm{t}\mathrm{r}(\sigma((g^{J}g-1)2-\frac{1}{2}g’g^{-1})-Bg’g-1)’+\xi)(S,z,I)$ ’
$(\sigma, B, \xi)_{(_{S,w},I)}=(\sigma w^{\prime-1},$ $B,$ $\frac{r}{6}\sigma w^{\prime-1}\{w, z\}+\frac{1}{2}w’’w-\mathrm{l}\mathrm{t}\prime \mathrm{r}B+\xi w’)_{(s},z,I)$ .




, $V\mathcal{A}_{\mathcal{P}}$ . subsection , $E=\mathfrak{g}_{\mathcal{P}}$ . $\mathrm{t}\mathrm{r}A_{p}/s\subseteq$
$\mathrm{t}\mathrm{r}A_{\mathfrak{g}_{\mathcal{P}}/}s,$ $A_{\mathrm{p},\pi}\subseteq A_{\mathfrak{g}p,\pi}$ , . ,
$VA-1=^{\mathrm{t}}\mathcal{P}P/s/\mathrm{r}_{A}d\mathcal{O}X\subseteq^{V1}A_{\mathfrak{g}_{\mathcal{P}}}^{-}$ , $VA0V=A\mathrm{p}\mathcal{P},\pi\subseteq A^{-1}\mathfrak{g}p$
, $p\neq-1,0$ $VA_{P}^{p}=0$ . , $\mathrm{v}\mathcal{A}_{P}$ $VA_{9\mathcal{P}}$ $\mathrm{d}\mathrm{g}$ Lie subalgebra
. $VA_{\mathcal{P}}^{-1}$ $\mathrm{V}$-bracket , $A_{\mathcal{P}/S}$ $\omega/d\mathcal{O}x$ central extension .
, $\mathrm{g}_{P}$ $\mathrm{g}_{\mathcal{P}}$ adjoint action – , local
formula “$\mathrm{t}\mathrm{r}(B_{i})=0$” . , V-bracket
local formula affine Lie algebra Virasoro algebra relation
.
$V\mathcal{T}_{X}$ . $E=\mathcal{O}x$ . $\mathrm{t}\mathrm{r}Tx/S\subseteq \mathrm{t}\mathrm{r}A_{\mathcal{O}_{X}/S}$ ,
$\mathcal{T}_{X,\pi}\subseteq Ao_{x,\pi}$ , . ,
$V\mathcal{T}-1\mathrm{t}\mathrm{r}\mathcal{T}xX=/s/d\mathcal{O}X\subseteq^{V}A_{\overline{\mathrm{o}}_{X}^{1}}$ , $V\mathcal{T}_{Xx,\pi}0_{=\tau A^{0}}\subseteq^{V}0_{\mathrm{x}}$
, $p\neq-1,0$ $v_{\mathcal{T}_{x^{p}}=0}$ . , $V\mathcal{T}_{X}$ $VA_{\mathcal{O}_{X}}$ $\mathrm{d}\mathrm{g}$ Lie subalgebra
. $v_{\mathcal{T}_{X}^{-1}}$ V-bracket , $\tau_{x/S}$ $\omega/d\mathcal{O}_{X}$ central extension .
, local formula “$B_{i}=0$” .
, V-bracket local formula Virasoro algebra relation
.
212. $V\mathcal{T}_{c}^{\cdot}$
$\mathcal{H}=\omega/d\mathcal{O}_{x}$ . $\mathcal{H}[1]$ $v_{\mathcal{T}_{X}}$. $VA_{\mathcal{P}}$ $\mathrm{d}.\mathrm{g}$ Lie ideal . $c\in \mathbb{C}$ $\mathcal{T}_{c}^{\cdot}$
. $f_{c}$
$f_{c}$ : $\mathcal{H}[1]\cross \mathcal{H}[1]arrow \mathcal{H}[1]$ , $( \xi, \eta)-\frac{c}{2}\xi+\eta$
. $f_{c}$ kernel $\mathrm{d}\mathrm{g}$ Lie algebra $V\mathcal{T}_{X}\mathrm{x}\mathcal{H}[1]$ ideal .
$\mathrm{d}\mathrm{g}$ Lie algebra $V\mathcal{T}_{c}^{\cdot}$ :
$VT_{c}^{\cdot}=(^{V}T_{X}\cross \mathcal{H}[1])/\mathrm{K}\mathrm{e}\mathrm{r}f_{C}$ .
$\mathcal{H}[1]arrow 0\cross \mathcal{H}[1]arrow V\mathcal{T}_{X}\cross \mathcal{H}[1]$ injection $\mathcal{H}[1]arrow V\mathcal{T}_{c}^{\cdot}$
L , $\mathcal{H}[1]$ $\iota_{c}$ – . $VT_{c}^{\cdot}$ $\mathcal{T}_{X}$ $\mathcal{H}[1]$ extension .
$c=2$ $VT_{C}^{\cdot}$ $\mathcal{H}[1]$ inclusion $V\mathcal{T}^{\cdot}$ . $c=0$ $V\mathcal{T}_{c}^{\cdot}$
$\mathcal{T}_{X}\mathrm{x}\mathcal{H}[1]$ . $c\neq 0$ $\mathcal{T}_{c}^{\cdot}$ local :
(1) surjection $t_{c(s,z)}^{-1}$ : $\mathcal{O}_{X}\oplus \mathcal{O}_{X}arrow V\tau_{c}-1$ :
$t_{c()}^{-1}S,z( \sigma, \xi)=([\frac{\sigma(z_{1})}{(z_{2}-Z1)^{2}}+0]dz_{2},$ $\xi(z)d_{Z}\mathrm{m}\mathrm{o}\mathrm{d} d\mathcal{O}_{X}\mathrm{I}$ mod $\mathrm{K}\mathrm{e}\mathrm{r}f_{c}$ .
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$c\neq 0$ , :
$t_{c(s}^{-1},z)( \sigma,\xi)=([\frac{\sigma(z_{1})}{(z_{2}-Z1)^{2}}+\frac{2}{c}\xi(Z_{2})]dz_{2}\mathrm{m}\mathrm{o}\mathrm{d} d\mathcal{O}_{X}$ , $0)$ mod $\mathrm{K}\mathrm{e}\mathrm{r}f_{c}$ .
(2) isomorphism $t_{\text{ }(_{S},z\rangle}^{0}$ : $\pi^{-1}\mathcal{O}_{S}^{M}\oplus \mathcal{O}_{X}arrow^{V}\mathcal{T}_{\text{ }}\sim 0$ :




$(\mu, \tau)=(\mu, \tau)(S,z)=t^{0}(c(S,z)\mu,$ $\tau)$
,
$[( \mu, \tau), (\sigma, \xi)]=(\mu\cdot\frac{\partial\sigma}{\partial s}+\tau\sigma^{;}-\sigma\tau’$ , $\mu\cdot\frac{\partial\xi}{\partial s}+(\tau\xi)’+\frac{c}{2}\tau’’’\sigma \mathrm{I}$ ,
$[(\sigma_{1}, \xi_{1}), (\sigma_{2}, \xi 2)]_{V}=(\sigma_{1}\sigma_{2^{-\sigma_{2}\sigma_{1}}}’J$ , $\frac{c}{12}\sigma_{1}’’’\sigma_{2)}$ .
central charge $c$ Virasoro algebra relation – .
2.13. $VA_{k}$
$k\in \mathbb{C}$ , $VA_{k}$ . $f_{k}$
$f_{k}$ : $\mathcal{H}[1]\mathrm{x}\mathcal{H}[1]arrow \mathcal{H}[1]$ , $( \xi, \eta)\mapsto-\frac{k}{2h^{}}\xi+\eta$
. kernel $\mathrm{d}\mathrm{g}$ Lie algebra $VA_{P}\mathrm{x}\mathcal{H}[1]$ ideal .
$\mathrm{d}\mathrm{g}$ Lie algebra $VA_{k}$ :
$VA_{k}=(^{V}A_{P}\cross \mathcal{H}[1])/\mathrm{K}\mathrm{e}\mathrm{r}f_{k}$ .
$\mathcal{H}[1]arrow 0\cross \mathcal{H}[1]arrow VA_{P}\cross \mathcal{H}[1]$ $\mathcal{H}[1]arrow VA_{k}$ $\iota_{k}$ , $\mathcal{H}[1]$ $\iota_{k}$
– . $VA_{k}$ $A_{P}$ $\mathcal{H}[1]$ central extension . $k=-2h^{\vee}$
$v_{\mathcal{T}_{\text{ }}}$
.
$\mathcal{H}[1]$ inclusion $\mathrm{v}\mathcal{A}_{P}$ . $k=0$ $VA_{k}$ $A^{\cdot}\cross \mathcal{H}[1]$
. $k\neq 0$ . $I$ $\mathrm{g}(\mathcal{O}_{x)}=_{9}\otimes \mathcal{O}_{X}$
$\emptyset P$
$\mathcal{O}_{X}$ Lie algebra homomorphism . $VA_{k}$ local
:
(1) surjection $t_{k(_{S},I)}^{-1}z,$ : $\mathcal{O}_{X}\oplus_{9}(\mathcal{O}_{x})\oplus \mathcal{O}_{x}arrow VA_{k}^{-1}$
: :
$t_{kz,I}^{-1}(_{S},)( \sigma,B, \xi)=(I[\frac{\sigma(z_{1})}{(_{Z_{2^{-Z_{1}}}})^{2}}+\frac{B(z_{1})}{z_{2}-z_{1}}+\frac{1}{\dim \mathfrak{g}}0]dz_{2},$ $\xi(z)d_{\mathcal{Z}}\mathrm{m}\mathrm{o}\mathrm{d} d\mathcal{O}x)$ .
$k\neq 0$ , :
$t_{k}^{-1}(S,z,I)( \sigma, B, \xi)=(I[\frac{\sigma(z_{1})}{(z_{2}-z_{1})^{2}}+\frac{B(z_{1})}{z_{2}-z_{1}}-\frac{2h^{\vee}}{k\dim \mathrm{g}}\xi(Z2)]dz_{2}\mathrm{m}\mathrm{o}\mathrm{d} d\mathcal{O}_{X},$ $0)$ .
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(2) isomorphism $t_{k(Sz}^{0},,:I$) $T^{-1}\mathcal{O}^{M}S\oplus \mathcal{O}x\oplus \mathrm{g}(\mathcal{O}x)arrow\sim VA^{0\mathrm{r}}EAE=^{\mathrm{t}},\pi$
:
$t_{k(_{S},z,I}^{0})( \mu, \tau, A)=\mu\cdot\frac{\partial}{\partial s}+T(Z)\frac{\partial}{\partial z}+I(A(_{Z}))$.
,
$(\sigma, B, \xi)=(\sigma, B, \xi)_{(_{S,z},)kz,I}I=t-1((S,)\sigma,$ $B,$ $\xi)$ , . $(\mu, \tau, A)=(\mu, \tau, A)_{(,)I}Sz,I=t_{k}(0\mathcal{T}\mu,, A(_{S},z,))$
:
$[(\mu, \tau, A), (\sigma, B, \xi)]=$ $\mu\cdot\frac{\partial B}{\partial s}+\tau B’-\sigma A’+[A, B]$ ,
$\mu\cdot\frac{\partial\xi}{\partial s}+(\mathcal{T}\xi)’-\frac{k\dim \mathfrak{g}}{h^{}}\mathcal{T}^{\prime;}’\sigma+k(A’|B)\mathrm{I}$ .
$VA_{E}$ $r=\dim \mathfrak{g},$ $\mathrm{t}\mathrm{r}(\mathrm{a}\mathrm{d}(A’)\mathrm{a}\mathrm{d}(B))=2h^{}(A’|B)$ ,
. , $V$-bracket :
$[(\sigma_{1}, B_{1}, \xi_{1}), (\sigma_{2}, B_{2}, \xi_{2})]V=(\sigma_{1}\sigma_{2}’-\sigma 2\sigma_{1}’$ , $\sigma_{1}B_{2^{-\sigma_{2}B_{1}’+[B,B]}}^{;}12$ ,
$- \frac{k\dim \mathfrak{g}}{h^{}}\sigma_{1}’’’\sigma_{2}+k(B’|1B_{2})\mathrm{I}$ .
level $\mathrm{k}$ affine Lie algebra central charge $-k\dim \mathfrak{g}/h^{}$ Virasoro algebra
relation – .
214. $\mathrm{d}\mathrm{g}$ Lie algebra $VA_{\text{ },k}$
$VA_{\text{ },k}$ . $d=c+k\dim \mathrm{g}/h^{}$ . $VT_{d}^{\cdot},$ $VA_{k}$ $\mathcal{T}_{X}$
. fiber product $V\overline{A}_{c,k}=\mathcal{T}_{d}V\cdot\cross_{\mathcal{T}_{X}}\cdot A_{k}V$. . $f$
$f$ : $\mathcal{H}[1]\mathrm{x}\mathcal{H}[1]arrow \mathcal{H}[1]$ , $(\xi, \eta)arrow\xi+\eta$
. $\mathrm{K}\mathrm{e}\mathrm{r}f$ $V\tilde{A}_{c,k}$ ideal . $VA_{\text{ },k}$ lf $X$ $l_{\sim}’$ $\text{ }$ :
$VA_{c,kc,k}^{\cdot}=V\overline{A}\cdot/\mathrm{K}\mathrm{e}\mathrm{r}f$ .
$\mathcal{H}[1]arrow \mathcal{H}[1]\cross 0arrow V\overline{A}_{\text{ },k}$ injection $\mathcal{H}[1]arrow VA_{\text{ },k}$ $\iota_{\text{ },k}$
, $\mathcal{H}[1]$ – . $I$ local $\mathfrak{g}(\mathcal{O}_{x)}=_{9}\otimes \mathcal{O}x$ $\mathfrak{g}_{P}$ $\mathcal{O}x$
Lie algebra homomorphism . $VA_{c,k}$ local :
(1) local surjection $t_{(s,z,I)}^{-1}$ : OX\oplus (9\otimes OX)\oplus Ox\rightarrow vA :
$t_{(S,z,I}^{-1})(\sigma, B, \xi)=(t_{d(_{S,z})}^{-1}(\sigma, \xi)$ , $t_{k(s,z,I}^{-1})(\sigma, B, 0))$ mod $\mathrm{K}\mathrm{e}\mathrm{r}f$
$=(t_{ds,z}^{-1}(()\mathrm{o}\sigma,)$ , $t_{k(_{S,z,I}}^{-1})(\sigma, B, \xi))$ mod $\mathrm{K}\mathrm{e}\mathrm{r}f$.
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(2) local isommorphismm $t^{0}(S,z,I):\pi^{-1}\mathcal{O}_{S}^{M}\oplus \mathcal{O}_{X}\oplus M_{r}(\mathcal{O}_{x})arrow VA_{c}0_{kx},=\mathcal{T}_{\mathrm{x},\cross}\pi\tau,\pi A_{E},\pi$
:
$t_{(,)}^{0_{Sz,I}}(\mu, \tau, A)=(t_{d(S,z}^{0}()\mu,$ $\tau),$ $t_{k(S,z}^{0},I)(\mu, \tau, A))$ .
,
$(\sigma, B, \xi)=(\sigma, B, \xi)_{(s,z,I)}=t_{(Sz,I}^{-1},)(\sigma, B, \xi)$ , $(\mu, \tau, A)=(\mu, \mathcal{T}, A)_{(s,z},I)=t^{0_{S,z,I}}(()\mu, \tau, A)$
,
$[( \mu, \tau, A), (\sigma, B, \xi)]=(\mu\cdot\frac{\partial\sigma}{\partial s}+\tau\sigma’-\sigma\tau’$ , $\mu\cdot\frac{\partial B}{\partial s}+\tau B’-\sigma A’[+A, B]$ ,
$\mu\cdot\frac{\partial\xi}{\partial s}+(\tau\xi)’\frac{c}{12}\mathcal{T}’\sigma+k(+A’|l\prime B))$ .
, $\mathrm{V}$-bracket :
$[(\sigma_{1}, B_{1}, \xi 1), (\sigma 2, B2, \xi_{2})]_{V}=(\sigma_{1}\sigma_{2^{-}}’\sigma_{2}\sigma_{1}’$ , $\sigma_{1}B_{2^{-}}’\sigma_{2}B_{1^{+}}’[B1, B2]$ ,
$\frac{c}{12}\sigma_{12};\prime\prime\sigma+k(B_{1}’|B_{2}))$ .
, level $k$ affine Lie algebra central charge $c$ Virasoro algebra
relation – .
215. $V\mathcal{T}_{\text{ },Q}$ $VA_{\text{ },k,\mathcal{F}}$
, $\pi$ section $q_{i}$ $Q_{i}=q_{i}(S)$ quasi $\mathrm{p}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{b}_{0}1\mathrm{i}\mathrm{C}$ structure $\mathcal{F}_{i}$
. , , .
$X$ divisor $Q=Q_{1}$ . . . $\mathrm{U}Q_{N}$ vector field $\mathcal{T}_{X,Q}$ :
$\mathcal{T}_{X,Q}=\{a\in\tau_{x}|a(\mathcal{O}_{x(-}Q))\subseteq \mathcal{O}_{x(}-Q)\}$ .
$\mathcal{T}_{X,Q}$ $a$ $Q$ $Q$ tangent sheaf $\mathcal{T}_{Q}$ . ,
short exact seqence :
$0arrow \mathcal{T}_{X}(-Q)arrow \mathcal{T}_{X,Q}arrow \mathcal{T}_{Q}arrow 0$.
$\mathcal{T}_{X/S,Q}=\tau_{\mathrm{x}/s^{\cap \mathcal{T}}X},Q,$ $\mathcal{T}_{X,\pi,Q}=\tau_{x,\cap}\mathcal{T}\pi X,Q$ . $\tau_{x/S,Q}=\tau_{x/s(-Q)}$ . $\mathcal{T}_{X}$
$\mathrm{d}\mathrm{g}$ Lie subalgebra $\mathcal{T}_{X,Q}$ $\mathcal{T}_{X,Q}^{-1}=\tau_{\mathrm{x}/S,Q},$ $\mathcal{T}_{X,Q}^{0}=\mathcal{T}_{X,\pi,Q}$ . $V\mathcal{T}_{X,Q}$
v $\pi^{-1}\mathcal{T}_{S}$ quasi isomorphic . $\mathcal{T}_{x/S,Q},$ $\mathcal{T}_{X,\pi,Q},$ $\mathcal{T}_{X,Q}$ $\mathrm{t}\mathrm{r}\tau_{x/S},$ $V\mathcal{T}_{c}^{\cdot}$ ,
$A_{E/g,A_{E,\pi}},$ $\mathrm{t}_{\Gamma}A_{E/s,,AA}A_{E}VAE’ P/S,\mathrm{p},\pi’ A_{P}/s,$$A_{P’ P}\mathrm{t}\mathrm{r}A\mathrm{t}\mathrm{r}/S,$ $VA_{\mathcal{P}}$ , etc inverse
image $\mathrm{t}\mathrm{r}\tau X/s_{Q,,E},\tau_{c}V\cdot A/s,Q,$ $A_{E},\pi,Q,A_{E/s}\mathrm{t}\mathrm{r}A_{E}Q,,Q’ A_{E}V\cdot,’ ApQ/s,Q,$$AQ$” $\mathcal{P},\pi,Q$ ,$\mathrm{t}\mathrm{r}AP/S,Q,$ $Ap,Q’ \mathcal{P}A^{\cdot},QV$ , etc .
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, $P$ $Q$ quasi parabolic structure $\mathcal{F}=\mathcal{F}_{1}\mathrm{u}\cdots \mathrm{u}\mathcal{F}_{N}$ . $A_{P,Q}$
$a$ $Q$ $P$ $Q$ $P_{Q}$ Atiyah algebroid $A_{P_{Q}}$ .
Q . $\mathcal{F}$ Atiyah algebroid $A_{f}$ $A_{P_{Q}}$ subalgebroid
. $X$ quasi parabolic G-bundle $(P, \mathcal{F})$ infinitesimal symmetry sheaf $A_{P\mathcal{F}}$
:
$A_{\mathcal{P},\mathcal{F}}=\{a\in Ap,Q|a|_{Q}\in A_{\mathcal{F}}\}$ .
$\mathcal{F}$ adjoint bundle $\mathrm{b}_{\mathcal{F}}$ . $\mathrm{g}_{P}$ subalgebra $\mathfrak{g}_{P\mathcal{F}}$
$\mathrm{g}_{\mathcal{P},\mathcal{F}}=\{A\in \mathrm{g}P|A|_{Q}\in \mathrm{b}_{P}\}$
, short exact seqence :
$0arrow \mathit{9}\mathcal{P},\mathcal{F}arrow A_{P,\mathcal{F}}arrow \mathcal{T}_{X,Q}arrow 0$ .
, $A_{\mathcal{P}/s,\tau=}A_{P/}S,Q\cap A\mathcal{P},F,$ $Ap,\pi,F=A\mathcal{P},\pi,Q\cap Ax,\mathcal{F}$ . $A_{P}$ $\mathrm{d}\mathrm{g}$ Lie subalgebra
$A_{P,\mathcal{F}}$ $A_{\mathcal{P}}^{-1},\mathcal{F}=AP/s,\mathcal{F},$ $A_{p\mathcal{F}}0,Ap=,\pi,\mathcal{F}$ . $A_{P,\mathcal{F}}$ $A_{\mathcal{P}}$ $\pi^{-1}\mathcal{T}S$
quasi isomorphic . , $A_{P/S,\mathcal{F}},$ $A_{P,\mathcal{F}}$ $\mathrm{t}\mathrm{r}A_{P/}S,$ $A_{P},$ $VA_{P},$ $VA_{\text{ },k}$
inverse image $\mathrm{t}\mathrm{r}AP/s,\mathcal{F},$ $A\mathcal{P},\mathcal{F}’ A_{P}V\cdot,VA_{C}f$”$k,\mathcal{F}$ .
216. Picard algebroid tdo
subsection [BS], [BB2] . subsection
Picard algebroid [BS] $\mathcal{O}_{S^{-\mathrm{A}\mathrm{t}}\mathrm{y}\mathrm{a}}\mathrm{i}\mathrm{h}$ algebra .
Picard algebroid . $(A, \mathit{6}, \iota)$ $S$ Picard algebroid
:
(1) $A$ left $\mathcal{O}s^{-}\mathrm{m}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{e}$ $\mathbb{C}_{S}$ Lie algebra .
(2) $\epsilon$ $A$ $\mathcal{T}_{S}$ $\mathcal{O}s^{-\mathrm{h}\mathrm{o}\mathrm{m}}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{S}\mathrm{m}$ Lie algebra homomorphism .
(3) $\iota$ $\mathcal{O}_{S}$ $A$ $\mathcal{O}_{S}$-homomorphism , $A$ Lie subalgebra
.
(4) $\epsilon,$ $\iota$ short exact sequence $0arrow \mathcal{O}_{S}arrow Aarrow\tau_{s}arrow 0$ .
(5) $\iota$ $\mathcal{O}$ – , $f,$ $g\in \mathcal{O}_{S},$ $a,$ $b\in A$ ,
$[a, fg]=[a, f]g+f[a, g]$ , $[a, fb]=\epsilon \mathrm{i}(a)(f)b+f[a, b]$ .
$S$ Picard algebroid $S$ line bundle $L$ Atiyah algebroid
$A_{L}$ . $A$ Picard algebroid , $A$ right $\mathcal{O}_{S}$-module structure
$af=fa+\epsilon(a)f$ for $a\in A,$ $f\in \mathcal{O}_{S}$
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.
Picard algebroid morphism . $(A, \epsilon_{A}, \iota_{A}),$ $(B_{\mathit{6}_{\beta,\beta}},\iota)$ Picard alge-
broid , $\phi$ $A$ $B$ Picard algebroid morphism ,
:
(1) $\phi$ $A$ $\mathcal{B}$ $\mathcal{O}_{S^{-}}\mathrm{h}_{\mathrm{o}\mathrm{m}\mathrm{o}}\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}_{\mathrm{S}\mathrm{m}}$ Lie algebra homomorphism .
(2) $\phi 06_{B}=\mathit{6}_{A}$ $\phi 0\iota_{A\beta}=\iota$ .
Picard algebroid . Picard algebroid $A$ , $M$ $A$
:
(1) $M$ quasi coherent $\mathcal{O}_{S}$-module .
(2) $A$ $\mathbb{C}_{S}$ Lie algebra , $M$ left $A$-module .
(3) $1=\iota(1)\in A$ $M$ 1 .
(4) $f\in O_{S},$ $a\in A,$ $v\in M$ ,
$(fa)v=f(av)$ , $a(fv)=\epsilon(a)(f)v+f(av)$ .
, $M$ Picard algebroid $A$ left A-module . A-module
morphism . $S$ line bundle $L$ left $A_{L^{-}}\mathrm{m}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{e}$ .
. Picard algebroid “$\mathbb{C}$-vector space structure” .
$A,$ $\mathcal{B}$ $S$ Picard algebroid , $\mu\in \mathbb{C}$ . Picard algebroid
$A+B$ $\mu\cdot A$ :
$A+B= \frac{A\mathrm{x}_{\mathcal{T}_{S}}\mathcal{B}}{(1,-1)\mathcal{O}s}$ $\mu\cdot A=\frac{A\cross\tau_{s}A_{\mathcal{O}_{S}}}{(1,-\mu)\mathcal{O}_{S}}$.
Lie algebroid structure . , $\mathcal{O}s$ $A+B,$ $\mu\cdot A$
$\mathit{0}_{s}arrow \mathcal{O}s\cross\{0\}arrow A\cross\tau_{S}\mathcal{B},$ $\mathcal{O}_{S}arrow\{0\}\cross \mathcal{O}sarrow A\cross\tau_{sS}Ao$
. $Ao_{S}=D_{\mathcal{O}_{X}}^{1}$ . “$\mathbb{C}- \mathrm{v}\mathrm{e}\mathrm{C}\mathrm{t}\mathrm{o}\mathrm{r}$ space structure”
. $S$ line bundle $L_{1},$ $L_{2}$ $m_{1},$ $m_{2}\in \mathbb{Z}$ ,
$m_{1}\cdot A_{L_{1}}+m_{2}\cdot A_{L_{2}}$ $L=L_{1}^{\otimes m_{1}}\otimes L_{2}^{\otimes m_{2}}$ Picard algebroid $A_{L}$ .
$A,$ $B$ Picard algebroid , $M,$ $N$ , $M\otimes_{\mathit{0}_{S}}N$
$A+B$ . $S$ Picard algebroid vector space
$\mathbb{H}^{2}(S, \sigma\geq 1\Omega_{S})$ . , $C^{\cdot}=\sigma\geq 1\Omega_{S}$ , $C^{0}=0,$ $p\geq 1$ $C^{p}=\Omega_{s}^{p}$
$\Omega_{S}$ subcomplex . $S$ line bundle $L$ , $A_{L}$
$\mathbb{H}^{2}(S_{\mathcal{T}},\geq 1\Omega_{s})$ $L$ first Chern class – .
$S$ Picard algebroid $S$ twisted differential operator $(\mathrm{t}\mathrm{d}\mathrm{o})$
. Picard algebroid $A$ $\mathrm{t}\mathrm{d}\mathrm{o}$ $D_{A}$ , left A-module
left $D_{A}$-module . , twisted D-module , Picard
algebroid .
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217. base space $S$ Picard algebroid
, $X$ $VT_{\text{ }^{}\cdot},$ $VA_{c,k}$ $\pi$ derived direct image ,
$S$ Picard algebroid . ,
$VA_{\text{ },k}$ . $S$ $A_{\text{ },k}$ :
$A_{\text{ },k}=\mathbb{R}^{0_{\pi_{*}(^{V})}}A_{\text{ },k}^{\cdot}\mathcal{F}$
, $A_{\text{ },k}$ $S$ Picard algebroid .
$X$ $U=\mathrm{S}\mathrm{P}\mathrm{e}\mathrm{C}\hat{\mathcal{O}}x|Q$ , $\tau_{\mathrm{x}/S},$ $\mathcal{T}_{X,\pi},$ $\mathrm{t}\mathrm{r}\tau_{x/s},$ $\mathcal{T}_{X},$ $V\mathcal{T}^{\cdot},$ $\tau_{x/S,Q},$ $\mathcal{T}_{X,\pi,Q}$ ,
$\mathrm{t}\mathrm{r}\mathcal{T}_{X/Q}s,,$ $\mathcal{T}_{X,Q}^{\cdot},$ $V\mathcal{T}_{X,Q}^{\cdot},$ $V\mathcal{T}_{\text{ },Q}^{\cdot},$ $A_{\mathcal{P}/S},$ $A_{P,\pi},$ $\mathrm{t}\mathrm{r}A_{\mathcal{P}/S},$ $A_{P}^{\cdot},$ $VA_{P}^{\cdot}A_{P/S,\mathcal{F}},$ $A_{P,\pi,\mathcal{F}},$ $\mathrm{t}\mathrm{r}A_{P/\mathcal{F}}s,$ ,
$A\mathcal{P},\mathcal{F}’ AVP,F’ A_{\text{ }}V\cdot,k,\mathcal{F}$ , $U$ $\mathcal{T}_{U/s},$ $\tau_{U,\pi},$ $\mathrm{t}\mathrm{r}\tau_{u/}s,$ $\mathcal{T}^{\cdot}V\mathcal{T}^{\cdot}\mathcal{T}U/s,Q,$$\mathcal{T}U’ U’ U,\pi,Q$ ,
$\mathrm{t}\mathrm{r}\mathcal{T}_{U/S,Q},$ $\mathcal{T}_{U,Q}^{\cdot},$ $V\mathcal{T}_{U,Q}^{\cdot},$ $V\mathcal{T}_{\text{ },U,Q}^{\cdot},$ $A_{p/}s,U,$ $A_{\mathcal{P},\pi,U},$ $\mathrm{t}\mathrm{r}AP/S,U,$ $\mathcal{A}_{P,U}^{\cdot}$ , $VA_{\mathcal{P},U}^{\cdot}A_{\mathcal{P}/S,U,\mathcal{F}},$ $A_{P,\pi,U,\mathcal{F}}$ ,
$\mathrm{t}\mathrm{r}A_{\mathcal{P}}/S,u,f,$ $A_{P,U,F},$ $VA_{P,U,F},$ $VA_{C,k,U,F}$ . $U$ $x*=X-Q$
$U^{*}=U-Q$ . , $V\mathcal{T}_{c,X^{*}},$ $VA_{c,k,U^{*}}$
. $U_{i},$ $U_{i}^{*}$ .
$A$ $\mathrm{d}\mathrm{g}$ Lie algebroid $A_{c,k}$ . $P\neq-1,0$ $A_{\text{ },k}^{p}=0$
. $\mathcal{H}u.\cdot*=\omega_{U}.\cdot*/s/d\mathcal{O}u.\cdot*,$ $\mathcal{H}u*=\omega_{U_{*}^{*}//d}.s\mathcal{O}u*$ , $\mathcal{H}u*=\mathcal{H}_{U_{1}^{*\oplus}}\cdots\oplus \mathcal{H}_{U}*N^{\cdot}\pi$ fiber
residue ,
$\pi_{*}(\mathcal{H}_{U^{*}}.\cdot)\simeq \mathcal{O}_{S}$ , $\pi_{*}(\mathcal{H}_{U}*)\simeq \mathcal{O}^{N}s$
. , – . $\Sigma:\mathcal{O}_{S}^{N}arrow \mathcal{O}_{S}$
$\Sigma(f_{1}, \ldots, f_{N})=f1+\cdots+f_{N}$
. $\iota_{c,k}$ : $\mathcal{H}u*\llcorner_{arrow}VA_{\text{ },k,U^{*}}1$ $\mathcal{H}u*$ – . $VA_{c,k,U^{*}}^{-}1$
$VA_{c,k}^{0},u*$ coboundary map $\delta$ . $U_{i}^{*}$ $S$ projection $\pi_{U^{*}/s}.\cdot$
. $VA_{\text{ },k,U^{*}}^{0}.\cdot$ =AP,\mbox{\boldmath $\pi$} $\pi_{U_{i}^{*}}^{-1}/s^{()}\mathcal{T}_{S}$ $\epsilon_{i}$
. ,
$\epsilon_{i}$ : $\pi_{*}(^{V}A^{0_{k,U}},*)\text{ }\dot{.}arrow\pi_{*}(\pi_{U^{*}/}^{-.1}.(S\mathcal{T}_{S}))=\tau_{S}$
. $A_{C,k}^{-1},$ $A^{0}\text{ },k$ .
$A_{C,k}^{-1}=\pi*(VA-c,k,U1*)/\mathrm{K}\mathrm{e}\mathrm{r}\Sigma$,
$A_{C}^{0},=k\pi*(^{V}A_{C}^{0},k,U_{1})\mathrm{x}\tau_{s}\cdots\cross_{\mathcal{T}_{S}*}\pi(VA_{c}^{0_{k}},,)U_{N}^{*}$ .
$A_{\text{ },k}^{0}$ $\pi_{*}(^{V}A\text{ },k,U^{*)}$ subsheaf . $A_{c,k}$ $\mathrm{d}\mathrm{g}$ Lie algebra structure $VA_{\text{ },k}$
. $A_{\text{ },k}^{-1}$ V-bracket $\mathcal{O}_{S}$ level $k$ affine Lie algebra
central charge $c$ Virasoro algebra $N$ center
. $\delta$ A $A_{\text{ },k}^{0}$ $\delta$
. $A_{c,k}^{0}$ $\epsilon_{i}$ . $\epsilon$ .
( $A_{\text{ },k}^{0}$ $\tau_{s}$ fiber product $\epsilon$ $i$ ) $VA_{\text{ },k,U^{*}}$ left
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$\mathcal{O}u*$ -module structure $A_{c,k}$ left $\mathcal{O}s^{-}\mathrm{m}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{e}$ structure . $VA_{\text{ },k},u*$ $\mathrm{d}\mathrm{g}$ Lie
algebra structure $A_{c,k}$ $\mathrm{d}\mathrm{g}$ Lie algebra structure . $\epsilon$ $\epsilon:A_{c,k}arrow\tau_{s}$
$\mathcal{O}_{S}$-homomorphism $\mathrm{d}\mathrm{g}$ Lie algebra homomorphism . $a,$ $b\in A_{c,k}$ ,
$f\in \mathcal{O}_{S}$ ,
$[a, fb]=\epsilon(a)(f)b+f[a, b]$ .
inclusion $\mathcal{O}_{S}arrow \mathcal{O}_{S}\cross\{0\}^{N-1}arrow \mathcal{O}_{S}^{N}$ injection $\mathcal{O}_{S}rightarrow A_{c,k}^{-1}$
. $\iota$ , $\mathcal{O}_{S}$ – .
, $VA_{c,k,U^{*}}$ , $VA_{c,k,U,\mathcal{F}},$ $VA_{c,k,X^{*}}$ ,






, $A_{\pm}$ $c,$ $k$ .
, :
$0arrow \mathcal{O}_{S}arrow\iota A_{c,k}^{-1}arrow\delta A_{c,k}^{0}arrow\epsilon \mathcal{T}_{S}arrow 0$
$\uparrow$ $\dagger$ $||$
$0$ $arrow A_{\pm}^{-1}arrow A_{\pm}^{0}arrow \mathcal{T}_{S}arrow 0$ .
exact , .
$S$ $Z_{\text{ },k},$ $B_{\text{ },k},$ $H_{\text{ },k}$ :
$Z_{\text{ },k}=\{(a_{-}, a+, \alpha)\in A_{-}^{0}\cross A_{+}^{0}\mathrm{x}A_{c,k}^{-}1|a_{-}-a+=\delta(\alpha)\}$,
$B_{\text{ },k}=\mathrm{t}(\delta(\alpha-), \delta(\alpha+),$ $\alpha--\alpha_{+})|\alpha_{\pm}\in A_{\pm}^{-1}\}$ ,
$H_{c,kk}=z_{c},/B_{c,k}$ .
$Z_{c,k}$ $\mathcal{T}_{S}$ $(a_{-}, a_{+}, \alpha)-\succ\epsilon(a_{-})=\epsilon(a_{+})$ . ,
$H_{\text{ },k}$ . $\epsilon$ . $\iota$ :Os\rightarrow A $\mathcal{O}s$
$Z_{c,k}$ $\mathcal{O}s$ $H_{\text{ },k}$ . ,
. $Z_{\text{ },k},$ $B_{\text{ },k}$ left $\mathcal{O}s$-module structure , $H_{\text{ },k}$ left $\mathcal{O}_{S^{- \mathrm{m}\mathrm{o}}}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{e}$
structure .
, $Z_{\text{ },k}$ $\mathbb{C}_{S}$ Lie algebra structure :
$[(a_{-,a_{+},\alpha)}, (b_{-}, b_{+}, \beta)]=([a_{-}, b-], [a_{+}, b_{+}], [a_{-}, \beta]+[\alpha, b_{+}])$.
$B_{\text{ },k}$ $Z_{c,k}$ ideal . , $H_{\text{ },k}$ Lie algebra structure .
.
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21. $H_{\text{ },k}$ $S$ Picard algebroid .
$R^{1}\pi_{*}(\mathcal{H})=\mathcal{O}s,$ $p\geq 2$ $R^{p}\pi_{*}(\mathcal{H})=0$ , $A_{\mathcal{P},\mathcal{F}}$ $\pi^{-1}\mathcal{T}_{S}$ quasi isomorphic
, short exact sequence
$0arrow \mathcal{H}[1]arrow VA_{\text{ },k}^{\cdot}arrow A_{Pf}^{\cdot}arrow 0$
long exact sequence , exact sequence :
$0arrow \mathcal{O}_{S}arrow A_{c,k}arrow \mathcal{T}_{S}arrow 0$ .
, exact sequence
$0arrow \mathcal{O}_{S}arrow H_{c,k}arrow \mathcal{T}_{S}arrow 0$ .
– . $\{X^{*}, U\}$ \v{C}ech cohomology , $\mathbb{R}^{0}\pi_{*}^{V}A_{\text{ },k}=A_{c,k}$
. $Z_{\text{ },k},$ $B_{\text{ }},k,$ $Hc,k$ cocycle, coboundary, cohomology class
.
22. $A_{\text{ },k}\simeq H_{\text{ }},k$ .
, $A_{\text{ },k}=\mathbb{R}^{0}\pi_{*}(^{V}A^{\cdot})C,k$ Picard algebroid .
$A_{\text{ },k}$ , .
23. $E$ $X$ rank $r$ vector bundle , $\pi$ deteminant
bundle $\det R\pi_{*}E$ $\lambda_{E}$ , $\lambda_{\mathfrak{g}p}=\det R\pi_{*}\mathfrak{g}_{P}$ $\lambda_{P}$ . ,
Picard algebroid :
(1) $\mathbb{R}^{0}\pi_{*}(^{V}A^{\cdot}E)\simeq A_{\lambda_{E}}$ .
(2) $\mathbb{R}^{0}\pi_{*}(^{V}A^{\cdot}p,\mathcal{F})\simeq \mathbb{R}^{0_{\pi_{*}(}}VA^{\cdot}\mathcal{P})\simeq \mathbb{R}^{0}\pi*(VA_{\mathfrak{g}_{\mathcal{P}}}^{\cdot})\simeq A_{\lambda p}$ .
(3) $\mathbb{R}^{0}\pi_{*}(^{V}\mathcal{T}_{Q}^{\cdot})\simeq \mathbb{R}^{0}\pi*(^{V}\mathcal{T}^{\cdot})\simeq \mathbb{R}^{0}\pi_{*}(^{V}A^{\cdot}0_{X})\simeq A_{\lambda_{o}X}$ .
(1) [BS] . (2), (3) (1) . (1)
[BS] . , Boson-Fermion
.
$A$ $=\mathbb{R}^{0}\pi_{*}(^{V}\mathcal{T}^{\cdot})\text{ }$ , $A_{\text{ },k}$ A Picard algebroid structure
. Picard algebroid $\mathbb{C}- \mathrm{v}\mathrm{e}\mathrm{C}\mathrm{t}\mathrm{o}\mathrm{r}$ space structure
, .
24. :
(1) $A_{c,k} \simeq-\frac{k}{2h^{}}$ . $A_{\lambda_{\mathcal{P}}}+( \frac{c}{2}+\frac{k\dim \mathfrak{g}}{2h^{}})$ . $A_{\lambda_{\mathcal{O}_{X}}}$ .
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(2) $A_{c} \simeq\frac{c}{2}A_{\lambda \mathit{0}_{X}}$ . $\square$
$E$ $X$ rank $r$ trivial vector bundle , $\lambda_{E}=\lambda_{\mathcal{O}_{X}}^{r}$ , $A_{E}=$
$\dim \mathfrak{g}\cdot A_{\mathrm{O}_{X}}$ . , $P$ $X$ trivial principal $\mathrm{G}$-bundle ,
,
$A_{\text{ },k} \simeq\frac{c}{2}\cdot A_{\lambda}o_{X}\simeq A_{c}$
.
218. $S$ Picard algebroid $A_{c,k,\chi}$
$VA_{\text{ },k,U\mathcal{F}}\simeq A_{p,U,f}$ :
$A_{+}^{-1}\simeq\pi_{*}(A_{P}/s,U1,f1)\mathrm{X}\cdots\cross\pi_{*}(A_{P/UF_{N}}S,N,)$,
$A_{+}^{0}\simeq\pi_{*}(A_{p_{\pi},U_{1},\mathcal{F}_{1}},)\cross\tau_{S}\cdots\cross_{\tau_{S}}\pi_{*}(A_{P},\pi,U_{N},\mathcal{F}_{N})$.
– . $S$ $s=(s_{1}, \ldots, s_{M})$ , $\pi$ fiiber
$z$ , $X$ $(s;z)$ .
$Q_{i}=\{z=0\}$ . $\mathfrak{g}(\mathcal{O}_{X})=\mathrm{g}\otimes \mathcal{O}x$
$\mathrm{g}_{P}$
$\mathcal{O}_{X}$ Lie algebra , $Q_{i}$ $\mathrm{b}(\mathcal{O}_{Q}):=$
$\mathrm{b}\otimes \mathcal{O}_{Q:}$ b . , AP,Ui, local trivialization
:
(1) $Q_{i}$ $\mathrm{g}(\mathcal{O}_{U}.\cdot)arrow \mathrm{g}(\mathcal{O}_{Q_{i}})\simeq \mathrm{g}(\mathcal{O}s)$
.
(2) $t_{i}$ : $\mathcal{O}_{S}^{M}\oplus \mathcal{O}_{U:}(-Q_{i})\oplus f_{i}^{-1}(\mathrm{b}(\mathcal{O}S))\simarrow A_{P,\pi},u_{:},\mathcal{F}.\cdot$
:
$t_{i}( \mu, \tau, A)=\mu(S)\cdot\frac{\partial}{\partial s}+\mathcal{T}(_{S}, Z)\frac{\partial}{\partial z}+I(A(s, Z))$ .
, $\tau(s, \mathrm{o})=0,$ $A(s, 0)\in \mathrm{b}(\mathcal{O}_{S})$ .
(3) $t_{i}$ $0\oplus \mathcal{O}_{U:}(-Qi)\oplus f-1(\mathrm{b}(\mathcal{O}_{S}))$ AP/S,U, local trivialization
.
$\mathfrak{h}$
$\mathrm{b}$ 9 Cartan subalgebra .
, $\lambda_{i}\in \mathfrak{h}^{*}$ . $\lambda_{i}$ $\mathrm{b}$ $\mathbb{C}$ Lie algebra homomorphism –
. $\triangle=(\triangle_{1}, \ldots, \triangle_{N}),$ $\lambda=(\lambda_{1}, \ldots, \lambda_{N})$ . $\chi_{i}$ : $\pi_{*}(.A_{P,u_{:},\mathcal{F}}.\cdot)arrow \mathcal{O}_{S}.$
.
:
$\chi_{i}(t(\mathrm{O}, \tau, A))=-\triangle_{i}\frac{\partial\tau}{\partial z}(s;\mathrm{O})+\lambda_{i}(A(s;0))$.
, $\chi_{i}$ local trivialization $\mathcal{O}_{S}$-homomorphism
. $\chi_{i}$ $A_{+}^{-1}$ $\mathit{0}_{s}$ $\mathcal{O}s- \mathrm{h}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}_{\mathrm{S}\mathrm{m}}$
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. $\chi=x\Delta,\lambda$ . , $\chi$ $A_{+}^{-1}$ $\mathcal{O}s$
$\mathcal{O}s^{-}\mathrm{h}_{\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{m}}\mathrm{o}\mathrm{r}\mathrm{P}^{\mathrm{h}}\mathrm{i}_{\mathrm{S}\mathrm{m}}$ ,
$\chi([a+, \alpha_{+}])=\epsilon(a_{+})(x(\alpha_{+}))$ for $a_{+}\in A_{+}^{0},$ $\alpha_{+}\in A_{+}^{-1}$
. $\chi$ . ,
$\chi$ .
$\chi\neq 0$ , $\chi:A_{+}^{-1}arrow \mathit{0}_{s}$ . , $\mathcal{O}_{S}$ $A_{\chi}=A_{+}^{-1}/\mathrm{K}\mathrm{e}\mathrm{r}\chi$
injection – :
$0arrow A_{+}^{-1}rightarrow A_{+}^{0}arrow \mathcal{T}_{S}arrow 0$
$x\downarrow$ $\downarrow$ $||$
$0arrow \mathcal{O}_{S}arrow A_{\chi}arrow \mathcal{T}_{S}arrow 0$ .
, $A_{+}^{0}$ $\mathrm{d}\mathrm{g}$ Lie algebroid structure $A_{\chi}$ Picard algebroid structure
. $A_{\chi}$ weight $\chi$ weight algebroid .
$S$ Picard algebroid $\mathbb{C}$-vector space .
$A_{\text{ },k}$ $A_{\chi}$ Picard algebroid $A_{\text{ },k,\chi}$ :
$A_{c,k,x^{=}\chi}A_{\text{ },k}+A$ .
$A_{\text{ },k}=Hc,k$ , $A_{\text{ },k,\chi}$ . $Z_{\text{ },k},,$${}_{\chi}H_{\text{ }},k,x’ H_{\text{ }},k,\chi$
:
$z_{\text{ },k,x^{=}\tau}Z_{\text{ }},k\cross s^{A_{+}^{0}}$
$=\{(a_{-}, a_{+}, \alpha;a)’+\in A_{-}0\cross A_{+}^{0}\cross A_{\text{ },k}^{-1}\cross A_{+}^{0}|a_{-}-a_{+}=\delta(\alpha), \epsilon(a_{+})=\epsilon(a_{+}’)\}$ ,
$B_{\text{ },k,x^{=}}B_{c,k}\mathrm{x}\mathrm{K}\mathrm{e}\mathrm{r}\chi$
$=\{(\delta(\alpha-), \delta(\alpha_{+}), \alpha_{-\alpha;a’)}-++|\alpha_{\pm}\in A_{\pm}^{-1}, a_{+}’\in \mathrm{K}\mathrm{e}\mathrm{r}\chi\}$ ,
$H_{\text{ },k,\chi}=z_{\text{ }},k,\chi/B_{\text{ },k,\chi}$ .
, $\mathrm{K}\mathrm{e}\mathrm{r}\chi\subseteq A_{+}^{-1}\subseteq A_{+}^{0}$ . $Z_{\text{ },k}$ $A_{+}^{0}$ $Z_{\text{ },k,\chi}$
. $\epsilon$ . $\iota:\mathcal{O}_{S}arrow Z_{\text{ },k}$ $\mathcal{O}_{S}\llcorner_{arrow}Z_{\text{ },k,\chi}$ .
$\iota$ . $Z(c, k, \chi)$ left $\mathcal{O}_{S}$-module ,
$B(c, k, \chi)$ $\mathcal{O}_{S}$-submodule . , $H(c, k, \chi)$ left $\mathcal{O}_{S}$-module
. $Z_{\text{ },k}$ $A_{+}^{0}$ Lie algebra structure $Z_{\text{ },k,\chi}$ Lie algebra structure
, bracket :
$[(a_{-}, a_{+}, \alpha;a)J+’(b-, b_{+}, \beta;b^{;})+]=([a_{-}, b_{-}], [a_{+}, b_{+}], [a_{-}, \beta]+[\alpha, b_{+}];[ab’J]+’+)$.
, $B_{\text{ },k,\chi}$ $Z_{\text{ },k,\chi}$ ideal . , $H_{\text{ },k,\chi}$ Lie algebra structure induce
. .




section affine Lie algebra Virasoro algebra base space
$S$ twisted D-module . tdo module
Picard algebroid module , Picard algebroid
.
. $c,$ $k\in \mathbb{C}$ , $\triangle=(\triangle_{1}, \ldots, \Delta_{N})\in \mathbb{C}^{N}$ ,
$\lambda=(\lambda_{1}, \ldots, \lambda_{N})\in \mathfrak{h}^{N}$ . $\lambda_{i}$ $\mathrm{b}$ $\mathbb{C}$ Lie algebra homomorphism
– .
3.1.
$\chi=x\Delta,\lambda$ . $\chi:A_{+}^{-1}arrow \mathcal{O}_{S}$ :
(1) $\chi$ $\mathcal{O}_{S^{-}}\mathrm{h}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}_{\mathrm{S}\mathrm{m}}$ .
(2) $a_{+’+}\in A_{+}^{0-1}\alpha\in A_{+}$ , $\chi([a_{+}, \alpha_{+}])=6(a_{+})(x(\alpha_{+}))$ .
, $A$ $\mathit{0}_{s}$ Lie algebra , $\mathcal{M}$ ’ left A-module ,
:
(1) $\mathcal{M}$ $\mathcal{O}_{S^{- \mathrm{m}\mathrm{o}}}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{e}$ .
(2) $\rho$. : $Aarrow \mathcal{E}nd\mathrm{o}_{S}(\mathcal{M})$ $\mathcal{O}s$-homomorphism .
(3) $a,$ $b\in A$ , $\rho([a, b])=\rho(a)\rho(b)-\rho(b)\rho(a)$ .
, $a\in A,$ $v\in \mathcal{M}$ $av=\rho(\mathit{0})v$ .
V-bracket $A_{\text{ },k}^{-1}$ $\mathcal{O}s$ Lie algebra . $A_{c,k}^{-1}$ $\mathcal{O}_{S}$
affine Lie algebra Virasoro algebra . $A_{+}^{0}$ $\epsilon:A_{+}^{0}arrow$
Lie algebroid .
$\mathcal{M}$ left $A_{\text{ },k}^{-1}$-module , :
(1) $1=$ t(1)\in A $\mathcal{M}$ 1 .
(2) $\mathcal{M}$ $\mathrm{d}\mathrm{g}$ Lie algebroid $A_{+}^{0}$ left module structure , $\alpha\in A_{c,k}^{-1}$ ,
$a_{+}\in A_{+}^{0},$ $v\in \mathcal{M}$ ,
$[a_{+}, \alpha]v=a_{+}(\alpha v)-\alpha(a+v)$ .
(3) $\alpha_{+}\in A_{+,k}^{-}1\subseteq A_{c}^{-}1,\mathcal{M}v\in$ ,
$\alpha_{+}v=\delta(\alpha_{+})v+\chi(\alpha_{+})v$ .
, $\mathcal{M}$ admissible $(c, k, \chi)$-module .
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31. , Lie algebrold $Z_{c,k,\chi}$ $\mathcal{M}$
$(a_{-}, a_{+}, \alpha;a_{+}‘)v=\alpha v+a_{+}v+\chi(a_{++}-a)\prime v$ for $(a_{-}, a_{+}, \alpha;a‘+)\in z_{Ck,\chi},,$ $v\in \mathcal{A}\Lambda$
. , $a+-a_{-}\in \mathrm{K}\mathrm{e}\mathrm{r}(\mathcal{E}:A_{+}^{0}arrow \mathcal{T}_{S})=A_{+}^{-1}$ .
,
$B_{\text{ },k,\chi}\mathrm{A}4\subseteq A_{-}^{-1}\mathcal{M}$
, $Z_{\text{ },k,\chi}$ $\mathcal{M}$ $A_{\text{ }},k,x=H_{\text{ }},k,x$ $\mathcal{M}/A_{-}^{-1}\Lambda\Lambda$
. , $\mathcal{M}/A_{-}^{-1}\mathcal{M}$ Picard algebroid $A_{c,k,\chi}$ left module .
$A_{-}^{-1}=\pi_{*}(A_{\mathcal{P}/}s,x*)$ . $\mathcal{M}/A_{-}^{-1}\mathcal{M}$ [TUY] conformal
blocks ([TUY] vacua ) twisted D-module
.
3.2. admissible $(c, k, \chi)$-module
$A_{c,k}^{-1}$ V-bracket $\mathcal{O}_{S}$ Lie algebra , $A_{\text{ },k}^{0}$ $S$ Lie algebroid
. $A_{\text{ },k}$ $\mathrm{d}\mathrm{g}$ Lie algebroid structure , $A_{c,k}^{-1}$ Lie algebroid
$A_{c,k}^{0}$ left module . $A_{\text{ },k}1$ $\mathcal{O}_{S}$ universal enveloping algebra
$\mathcal{U}_{\mathcal{O}s}(A_{\text{ }^{}-},1)k$ , $1-\iota(1)$ $\mathcal{O}_{S}$
associative algebra with 1 $\mathcal{U}_{\text{ },k}$ . $U_{c,k}$ $A_{c,k}^{0}$ , $\mathcal{U}_{\text{ },k}$
$\mathrm{d}\mathrm{g}$ Lie algebroid $A_{\text{ },k}^{0}$ left module . $A_{c,k}^{-1}\subseteq \mathcal{U}_{c,k}$ .
$A_{c,k}^{-1}$ , $\mathcal{U}_{c,k}$ left $A_{c,k}^{-1}$-module . $\iota(1)\in$
$A_{\text{ },k}^{-1}$ 1 , addmissible $(c, k, \chi)$-module (1)
. $\mathcal{U}_{\text{ },k}$ left $A_{c,k}^{0}$ -module , (2) .
$\{\alpha_{+}-\chi(\alpha_{+})|\alpha_{+}\in A_{+}^{-1}\}$ $\mathcal{U}_{\text{ },k}$ $Jc,k,\chi$ . $\mathcal{M}_{\text{ },k,x^{=}}$
$\mathcal{U}_{\text{ },k}/Jc,k,\chi$ , Verma module . $\chi$ $Jc,k,\chi$ $\mathcal{U}_{c,k}$ $A_{c,k^{-}}^{0}$
submodule , $\mathcal{M}_{\text{ },k,\chi}$ left $A_{c,k}^{0}$ -module . $\mathcal{U}_{\text{ },k}$
admissible $(c, k, \chi)$ -module (1), (2) , $\mathcal{M}_{\text{ },k,\chi}$
. $v_{\chi}=1$ mod $J_{c,k,\chi}\in M_{c,k,\chi}$ . $v\in \mathcal{M}_{\text{ },k,\chi}$ $v=uv_{\chi}$




, (3) , Verma module $\mathcal{M}_{c,k,\chi}$ admissible $(c, k, \chi)$ -module
.
$\mathcal{A}\Lambda_{c,k},x$ – maximal $A_{+}^{0}$-invariant $\mathcal{U}_{c,k}$-submodule . $\mathcal{M}_{\text{ },k,\chi}^{1}$ ,
$c_{\text{ },k,x^{=\mathcal{M}}x}c,k,/\mathcal{M}_{c,k,\chi}^{1}$ , $\mathcal{L}_{\text{ },k,\chi}$ admissible $(c, k, \chi)$ -module .
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A $\mathrm{t}\mathrm{r}AP/s,u*$ local trivialization , $o_{s}$
affine Lie algebra Virasoro algebra center –
. .
$S$ $z_{i}\in \mathit{0}_{u_{i}}:=\pi_{*}(\hat{\mathcal{O}}X|Q:)$ , $\mathcal{O}_{U:}=\mathcal{O}_{S}[[z_{i}]]$ .
$\mathfrak{g}(\mathcal{O}_{U}.)\sigma)$ subalgebra $\mathfrak{g}(O_{U}, \mathrm{b})i\text{ }$
$\mathrm{g}(\mathcal{O}_{U_{*}}., \mathrm{b})=\{A(z_{i})\in \mathfrak{g}(o_{U:})|A(\mathrm{O})\in \mathrm{b}\}$
. $S$ , Lie algebra $I:\mathrm{g}(\mathcal{O}_{U_{i}})arrow\pi\sim*(\mathrm{g}_{\mathrm{p}}|_{u_{:}})$ ,
$\mathrm{g}(\mathcal{O}_{U:}, \mathrm{b})$ $\pi_{*}(\mathit{9}P,\mathcal{F}|_{U:})$ . trivi-
alization , :
$A_{\text{ }^{}-1},k \simeq\oplus i=1N(\mathcal{O}_{S}((z_{i}))\frac{\partial}{\partial z_{i}}\oplus_{9}(\mathcal{O}_{S}((zi)))\mathrm{I}\oplus \mathcal{O}_{S}$ ,
$A_{+}^{-1} \simeq\bigoplus_{1i=}^{N}(\mathcal{O}_{S}[[Z_{i}]]z_{i}\frac{\partial}{\partial z_{i}}\oplus\emptyset(\mathit{0}_{s}[[Z_{i}]],$ $\mathrm{b}))$ ,
$A_{c}^{0_{k}}, \simeq \mathcal{T}S^{\oplus}\bigoplus_{i=!}N(\mathcal{O}_{S}((Z_{i}))\frac{\partial}{\partial z_{i}}\oplus \mathrm{g}(\mathcal{O}s((Z_{i})))\mathrm{I}$ ,
$A_{+}^{0} \simeq \mathcal{T}_{s\oplus}\bigoplus_{1i=}^{N}(\mathcal{O}_{S}[[zi]]z_{i}\frac{\partial}{\partial z_{i}}\oplus \mathit{9}(\mathcal{O}_{S}[[Z_{i}]],$ $\mathrm{b}))$ .
, non-canonical . , $\iota,$ $\delta,$ $\epsilon$ V-bracket
:
$\iota(f)=\sum_{i=1}N(\mathrm{o}+\mathrm{o})+f$, $\delta(_{i=1}\sum^{N}(\sigma i+Bi)+f\mathrm{I}=\sum_{i=1}^{N}(\sigma_{i}+B_{i}),$ $\epsilon(\mu+\sum_{i=1}^{N}(\mathcal{T}i+Ai)\mathrm{I}=\mu$ ,
$[ \sum_{i=1}^{N}(\sigma_{1},i+B_{1,i})+f1,$ $\sum^{N}i=1(\sigma_{2},i+B2,i)+f2]_{v}$
$= \sum_{i=1}^{N}[\sigma_{1},i+B_{1,i}, \sigma_{2,i}+B_{2},i]+\sum_{i=1}N{\rm Res}_{zi=0}(\frac{c}{12}\sigma_{1,i}(\prime\prime;)zi\sigma_{2},i(Z_{i})+k(B’(_{Z_{i})|B_{2},(}iZ_{i})1,i))dz_{i}$ .
, $f,$ $f_{i}\in \mathcal{O}_{S},$ $\tau_{i},$ $\sigma_{il,i},$$\sigma=\sigma_{l,i}(Z_{i})\frac{\partial}{\partial z_{i}}\in \mathcal{O}_{S}((zi))\frac{\partial}{\partial z_{i}},$ $A_{i},$ $B_{i},$ $B_{l,i}\in \mathfrak{g}(\mathcal{O}_{S}((Zi))).’\mu\in \mathcal{T}_{S}$
.
$\mathbb{C}$ Virasoro algebra Vir affine Lie algebra $\hat{\mathrm{g}}$ Vir $\ltimes\hat{\mathrm{g}}$
:
$[f(z) \frac{d}{dz},$ $X\otimes g(z)]=X\otimes f(z)g(r)Z$ for $f(z),$ $g(z)\in \mathbb{C}((z)),$ $X\in \mathit{9}$ .
$c,$ $k,$ $d\in \mathbb{C},$ $\mu\in \mathfrak{h}$ , $\mathrm{V}\mathrm{i}\mathrm{r}\ltimes\hat{\mathrm{g}}$ subalgebra




$Cv=cv$ , $Kv=kv$ , $-z \frac{d}{dz}v=dv$ , $hv=\mu(h)v$ $(h\in \mathfrak{h})$ .
1 $\mathrm{V}\mathrm{i}\mathrm{r}\ltimes\hat{\mathrm{g}}$ $\mathrm{V}\mathrm{i}\mathrm{r}\ltimes_{\hat{\mathit{9}}}$ Verma module , $M_{\text{ },k,d,\mu}$
. $M_{\text{ },k,d,\mu}$ – irreducible quotient . $L_{\text{ },k,d,\mu}$
.
$\mathrm{V}\mathrm{i}\mathrm{r}\ltimes_{\hat{\mathit{9}}}$ $N$ $M_{\text{ },k,\chi},$ $L_{\text{ },k,\chi}$ :
$M_{\text{ }},k, \chi\bigotimes_{=1}^{N}=Mi\text{ },k,\Delta:,\lambda:$
’
$L_{\text{ },k,\chi}= \bigotimes_{=i1}^{N}L\text{ },k,\triangle:,\lambda i$ .
, $\mathcal{M}_{\text{ }},k,\chi’ \mathcal{L}_{\text{ }},k,x$ , non-canoninal :
$\mathcal{M}_{C},k,x\simeq M_{\text{ }},k,\mathcal{O}s\chi^{\otimes}$
’
$c_{\text{ },k,\chi}\simeq L_{c,k,\chi^{\otimes}}\mathcal{O}s$ .
4.
.
1. $k\neq-h^{\vee}$ $c=c(k)=k\dim \mathrm{g}/(k+h^{})$ , $L_{\text{ },k,d,\mu}$ $\hat{\mathrm{g}}$-module
. , $\hat{\mathrm{g}}$-module level $k$ highest weight representation
central charge $c=c(k)$ Virasoro algebra
. , WZW model .
2. , $k=-h^{}$ (level critical) . ,
critical level . , Virasoro algebra
, pointed curve , curve principal $G$-bundle
. ,
. $k=-h^{}$ base space $S$ Picard algebroid determinant bundle
$\det R\pi_{\star 9p}$ Picard algebroid .
$\mathbb{C}$ Langlands program .
3. , base space global
, $S$ trivialization . , principal bundle
$P$ connection . , $P$ trivial bundle $X$
trivial connection . , 15, 17,
18 $P$ $\pi$ fiber integrable connection
.
4. [TUY] , $\pi$ section $Q_{i}$ local trivialization
data family . , local trivialization data
moduli space , moduli space




, $\mathcal{P}$ trivial bundle [T] .
5. RIMS , ,
. $S$ $A_{\pm}\subseteq A_{\text{ },k}$ , $S$ Picard algebroid
. , admissible module
, Picard algebroid left module
. ( , Picard algebroid Atiyah algebra ,
)
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